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TEMPORAL DERIVATIVES IN THE FINITE-ELEMENT METHOD ON
CONTINUOUSLY DEFORMING GRIDS*

P. K. JIMACKt} AND A. J. WATHENY

Abstract. When solving certain time-dependent partial differential equations using a finite-element
technique on a deforming grid, it is shown that there is a need to differentiate the trial solution with respect
to the position of each of the moveable node points. A result is presented which enables these nonstandard
derivatives to be expressed in terms of the standard spatial derivatives of the trial functions provided that
certain conditions are satisfied. These conditions are investigated and shown to be satisfied for a large class
of trial spaces. Even when the necessary conditions are not satisfied by all of the trial functions being used,
the result is shown to be still of great use in evaluating these awkward nodal derivatives.
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1. Introduction. In this paper we consider the use of the finite-element method
to solve a general time-dependent partial differential equation of the form

(1.1) Z—':(x, 1) = P(ulx, 1),

where £ is an operator depending on x, u(x, t) and its spatial derivatives, and there
are appropriate initial and boundary conditions. The solution u may be scalar or
vector-valued. Many problems of this type have solutions which can most efficiently
be represented on a finite-element mesh which deforms continuously in time. In such
cases it is often appropriate to employ a solution procedure which uses a moving grid.
For examples of this see Bonnerot and Jamet [1], [2], Lynch et al. [5]-[8], [14], Miller
et al. [4], [9], [10], or Mosher [12].

When a continuously deforming grid is used, the finite-element trial solution is
of the form

(12) o0, 0= X a(t)axs(0),

where Span {a;(x,s(t)): i=1,---, N} is the trial space and s(¢) is an ordered set of
the position vectors of the node points of the grid which we will assume to be made
up of simplexes. Each trial function «; is time-dependent due to the motion of the grid.

At some stage in the solution procedure, it will be necessary to differentiate v
with respect to time, giving an expression of the form

ov

(13) -1 {a;(r)a.(x, () + (1) % (x,5(1)) - s(r)},

where the dot above a letter represents its temporal derivative. So we see that for each
node, j=1,- - -, M, say with position s;, it will be necessary to evaluate the terms

Ja; Jda;

T
x, s(1)),
75, as,-,,,) (x,s(1))

(1.4) %;%f(x, s(t)>=(
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TEMPORAL DERIVATIVES ON DEFORMING GRIDS 991

where, in the above notation, xeR",
(1.5) sj,dzsj’éd, d:l,...’n,

and &, is the unit vector in the dth coordinate direction.
In fact, (1.3) could be written as

(1.6) %= Y {a(Dan(x, s(t)>}+j—“<x, s(1)) - §(1),
-

which means that we are ultimately interested in the derivatives of v with respect to
each s;. It is the evaluation of these derivatives 9v/ds; (and so da;/3s;) with which we
will be concerned in this paper.

The principal result that we shall rigorously establish is a simple formula for
da;/ds;. This formula is stated in [5] and [6]. We prove that if, in addition to some
technical hypotheses, on each simplex, we can write «; strictly in terms of the piecewise
linear Lagrange basis functions which are nonzero on that simplex, then da;/ds; can
be written simply in terms of the spatial derivatives of «;. For any Lagrange finite-
element basis this condition is satisfied. We further show that the formula is of use
for Hermite elements, and is easily amended for basis functions not satisfying the
condition above.

2. The main result. In this section we will prove.a theorem which is based on an
idea of Lynch and Gray [6] and Lynch [5]. The result will be more rigorously presented
here than in their original papers, and so its limitations and difficulties will become
more apparent. Before deriving this result it will be useful to make the following
definition.

DEeFINITION. For a given problem, a grid of simplexes s(¢) will be said to be
allowable if it has the same connectivity as the initial grid s(0), and can be obtained
from it by a continuous deformation in which each element of the grid always has
strictly positive measure.

Next we prove three lemmas which will be helpful in both the statement and the
proof of the main theorem.

Lemma 2.1 gives a relation between x, a position anywhere within the grid at time
t, and &, a position within some fixed reference grid. We choose as this reference grid
the mesh at time ¢ = 0. This way it is guaranteed that the present grid and the reference
grid will always be topologically equivalent. It is then shown that the given relation
forms a one-to-one correspondence between the two domains, hence it implicitly defines
a function & of the variables x and s.

LeEmMMA 2.1. On an allowable grid of simplexes in R", with N vertices, s;, - - -, SN
say, the expression

(2.1) X = ’El sk(1) ¥ (&, 5(0))

implicitly defines a function & = £(x, s(t)), where i, is the linear hat function taking value
1 at s, (1).

Proof. Choose an arbitrary element of the grid at time ¢, n(t), say, with vertices
at S.)(1), - - -, Se(n)(t), say. Then, on this element, (2.1) becomes

(22) x= T s (DWhco 8, 5(0))
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Now, given any x € n(t), there exists a unique

(2.3) aE{R"“: (éo ak)=1}

such that

(2.4) X = z akse(k)(t).
k=0
The a,’s are the barycentric coordinates of the point x with respect to the s.,(?)’s.
From (2.2) we see that
(2.5) Yeiy(§,5(0)) = ay, k=0,---,n

However, it is a simple property of the linear hat functions that

(2.6) = kX::O Se(k)(o)(/fe(k)(g, s(0)),

and so (2.5) means that we have

2.7) £= z BSeqi(0),

which is a uniquely defined point in %(0), depending only on x. Thus, (2.1) defines a
(one-to-one) mapping from 7n(t) to n(0). This is true for each simplex element of the
grid s(t), and so the result follows. 0

Lemma 2.2 expands a little more on the above result, giving an explicit form of
the inverse to equation (2.1).

LEMMA 2.2. On any allowable grid of simplexes in R", with £ =§&(x,s(t)) defined
by (2.1),

(2.8) £= ’El sk (0) i (x, 8(1)).

Proof. Again, choose an arbitrary element, n(t) say, of the grid, with vertices at
Se0y(t), =+, Se(my(2), say. Then on this element (2.1) becomes

(29) x= 3 su( (&, 50).
Also, as for (2.6), we can say

(2.10) £= T s (08 5(0)

and

(2.11) x= éo Se(i)(DWeiy(x, 8(1)).
Now, since

(212) T bal&50)= 3 duolx,s(0) =1,

the uniqueness of the barycentric coordinates of x with respect to the s, ()’s, along
with equations (2.9) and (2.11), imply that

(2.13) Yooy (§,8(0)) = Yoy (x, 8(1)), k=0,---,n
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Now, (2.10) and (2.13) give the required result on 7 (¢). But this is an arbitrary element,
and so the result must also hold on all other such elements, thus giving equation
(2.8). 0

The next result contains most of the work required for the proof of Theorem 2.4
which follows it. The lemma provides a relationship between the nonstandard derivative
dy;/9s; and the conventional spatial derivative di;/9x, where ; is the usual linear hat
function which takes value 1 at s;.

LeEMMA 2.3. On any allowable grid of simplexes in R",

(2.14) ‘;—"’-'xx, s(1)) =~ (x, s(1)) 2 (x, s(1)),
S; [5). <

where . is the linear hat function taking value 1 at s, (t).
Proof. Once more, choose an arbitrary element mn(t) with vertices at
Se)(1), * * *, Se(m(). From (2.11) we have

(2.15) X = kz-lo Se(io) () We(i)(x, 8(1)).
Differentiating this with respect to x, yields
" - .
(2.16) 0= se() 2 (x,5(1)),
k=0 x4

and differentiating (2.15) with respect to s.(0).a (=S.() * €4) yields

8‘l’e(k)
3Se(0),d

(2.17) 0= léo {Se(k)(t) (x, S(I))}+éd!//e<0)(X, s(1)).

Substituting (2.16) into (2.17) gives

a‘pe(k) (x’ s(t)) + ‘pe(o)(x’ s(t)) %‘:ﬁ (X, S(t))},

3S¢(0),d

(2.18) 0= i se(k)(t){
k=0

which can be written as

0=5.0 3 {Mm (1)) + Yooy (%, (1)) 2222 s(t))}
k=0 (9S04 X4
(219) + 3 () =suo(®)
: {f‘”—‘l (%, $(1)) + Yoy (x, (1)) 22 (. s(r))}.
Se(0),d Xy
But,
(2.20) T Yoo(x,s(0)=1,
k=0

and so
(2.21) 5 {"—"’ﬁ (%, S(0) + oy (x, (1)) 22282 (. s(t))} =o.

k=0 L8Sc(0),d X4

Also, {(Seciy(t) =Sey(2)): k=1, - - -, n} is linearly independent, so (2.19) tells us that

(222) PP (1)) =~ 0, 8(0) L (e 5(0)), k=1,
Xa

Se(0),d
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and from (2.20) and (2.22) we can also deduce that

a!//e(O)

(2.23)
0Se(0),d

(%, 8(1)) = — ooy (x, s(t))%j‘”(x, s(1)).

This is all true for any local numbering of the element; therefore (2.22) and (2.23) can
be generalized to

ad

a!//e(k) _
(2.24) Y (%, (1)) = —e()(x, (1))

Ve (o s(1)),
Xy
k=0,---,n, j=0,---,n

By noting that both sides of (2.24) are zero on 7(t) whens; £ {s.): k=0, - -, n}, we
can write this as

ey _ Wt
(2.25) 35,4 (%, (1)) = =9 (x,8(1)) = == (x, (1)),

k=0,”'an, j=1a”'aN

Finally, this result holds on each element of the grid and so, in global notation, it
becomes

(226) % (x, (1)) =~y s) P s(1)),  ij=1,---, N,
Sj oxX

and the lemma is proved. O

We are now in a position to prove the main result of this paper. It is an extension
of Lemma 2.3 to a wider class of basis functions—«;, say. Such basis functions must
have the property that there exists a corresponding function—a;, say—such that for
every x in the domain at time ¢,

a;(x, (1)) = ai(§(x, s(1))),

where £ is given by (2.1). Consequently, «; must be such that for all x, within the grid
at time ¢,, with corresponding x, at time ¢, (i.e., £(x,, s(#,)) = &(x5, s(t,)), we have

a;(xy,8(t,)) = a;(x,, 8(2,)).

In words, this says that as the mesh and the basis functions deform with time, each
point within a simplex element moves such that «; evaluated at the current position
of the point remains the same.

THEOREM 2.4. Suppose a;(x,s(t)) is any finite-element basis function defined on an
allowable grid of simplexes in R". Again define £=§&(x,s(t)) by

(2.27) x= Y s(Oh(£,5(0)).

Then, if there exists an &;:R" >R such that
(2'28) ai(x’ S(t)) = &i(g(x’ S(t)))’

it follows that

(2.29) ‘;—"‘ (x, 5(1)) = 45 (x, 8(1)) 22 (x, s(1)).
Sj GX



TEMPORAL DERIVATIVES ON DEFORMING GRIDS 995

Proof. From condition (2.28) we can write

(2:30) %(x,s(z»— PGPS 2 (s, d=tn
and
(231) GO S s),  d=tn

Using Lemma 2.2, these become

(2.32) ;—:; (x,s(1)) = ZZ" _kgl s(0) j—s‘]/’f (x, s(t))], d=1,---,n,
and
(2.33) ( X, (t))—d—g(g) Z sk(O) (x s(t))] d=1,---,n

Lemma 2.3 applled to (2.32) gives

(2.34) :—ai(X,S(l))— [—%(X,S(t)) g Sk(O)a—%(X,S(t))], d=1,---,n;
Sj,d k=1 Xy

dg
thus, (2.33) and (2.34) give

T(" s(1)) =~y
as required. O

The theorem above therefore allows us to write the nonstandard derivatives with
respect to nodal movement in terms of the usual spatial derivatives of the basis functions,
provided that they satisfy condition (2.28). This is a particularly useful relation since
the latter derivatives will need to be calculated anyway in order to evaluate an
approximation to ¥(v). Hence, no extra work is introduced into the finite-element
procedure by the appearance of these derivatives with respect to nodal position in the
expression for dv/at (1.3).

It is clear that not all finite-element basis functions actually do satisfy condition
(2.28). A simple example of one that does not comes from the usual basis for Hermite
cubic functions in one dimension. This basis will be considered in some detail in § 4.

3. Lagrange finite elements. We now need to try and establish exactly which
finite-element basis functions do and do not satisfy the constraint (2.28). In order to
do this we will attempt to gain a better understanding of what this particular condition
really means.

LeEmMA 3.1. Given a finite-element basis function a;(x, s(t)) on some allowable grid
of simplexes in R", with & defined by (2.1), the following three statements are equivalent:

(a) There exists a;:R" >R such that a;(x,s(t)) = a;(&(x, s(1)).

(b) There exists f;:R™ >R such that

a;(x, 8(1)) = fi(Yi(x,8(2)), - - -, ¥ (x,8(1))).

(c) a(x,s(1)) = a;(&(x, (1)), s(0)).
Moreover, they all imply that
(d) The range of values taken by a;(x, s(t)) over all x inside the mesh is independent

of s(t).
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Howeuver, the converse of this last implication is not true.
Proof. (a)=>(b). On an arbitrary element, (2.6) says

(3.1) = léo se(k)(o) l//e(k)(g, s(0))

and (2.13) says

(3'2) we(k)(g(x’ s(t))’ S(O)) = (pe(k)(x’ s(t))’ k = 0’ T, n.
Hence,

(3.3) E= éo Sek)(0) ey (x, 8(2)),

and from (a) we deduce that «;(x,s(t)) depends only on the linear hat functions
(pl(x’ s(t))’ T, (pN(x’ S(t))

(b)=(c). Again use (2.13), this time to deduce that
(3.4) i (§(x,8(1)),s(0)) = ¢ (x,s(2)), k=1,---,N.

Now, (b)=

a;(x, 8(1)) = fi(Yi(x,8(2)), - - -, ¥n(x,8(1))),

and, using (3.4), this becomes

(35) aj(X, S(t)) Efj(‘pl(g’ S(O)), Y !//N(g, S(O)))~

Using (b) once more gives the required expression
a;(x, s(1)) = a;(&, 5(0)).

(c)=>(a). Simply define a;(£)= o;(£, s(0)).

(¢)=(d). Note that the range of «;(£, s(0)), over all § inside the mesh when ¢ =0,
is independent of s(¢). Hence, when (c) holds, this must also be true for a;(x, s(?)).

It only remains to show that (d) can be true for some «;(x,s(t)) which does not
satisfy (a), (b), or (¢). The following example will suffice. In one spatial dimension,
define o;(x,s(t)) by

0 when y;(x,s(1))=0,
when x = s;(1),
—1 when x=[s;_,+(5;—5;_1)(1 —exp (55-, — 5;))1(1),
1 when x =[s;+ (55, —5)(1 —exp (s;— 5;:1))1(2),

a;(x, s(1)) =

where «a;(x,s(t)) consists of four linear pieces on [s;_,(?), s;+,1(¢)], and the function
exp (-) is the usual exponentiation.

This basis function satisfies (d) with range [—1, 1], but fails to satisfy (b), for
example. 0

We will now show that, in any number of space dimensions n, condition (b) of
the lemma above is satisfied by all Lagrange finite-element basis functions. Hence,
condition (2.28) of Theorem 2.4 can be satisfied, and the theorem applied.

We must first give a definition of a Lagrange basis functions, and in order to do
this we need the following result due to Nicolaides [13].
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THEOREM 3.2 (Nicolaides). Let & be an n-dimensional simplex with vertices at
So, " * ' »Sn,. Then, for a given integer g = 1, any polynomial p € P,, the space of polynomials
of degree q is uniquely determined by its values on the set

d=0 0

(3.6) Lq(Sf’)={xeR":x= Y AaSa, X Ag=1,A4 6{0,3, E ,—q—, 1},0§d§n}.
d=

We are now able to give the following definition and theorem.

DEerFINITION. On a simplex, & say, in R", the Lagrange basis for the space P, is
the set of functions obtained as follows. For each point in the set L, (%), given by
(3.6), uniquely define a corresponding function in P, which takes the value 1 at this
point and zero at all the other points.

THEOREM 3.3. Each Lagrange basis function of degree q on a simplex & in R" can
be written as a function of {yy(X,s), - - -, ¥, (X, s)}, the set of linear hat functions on the
simplex, alone.

Proof. We proceed by induction on gq.

g =1. Each of the Lagrange basis functions is by definition one of the ¢, (X, s)’s,
and so the result is trivial.

Now assume the result is true for P,_,. Consider an arbitrary Lagrange basis
function—a, say—of degree ¢, on our simplex &%. The simplex has (n+1), (n—
1)-dimensional faces which are themselves simplexes numbered 0, - - -, n (with face k
having all of the vertices of & except vertex k), say.

On at least one of these (n—1)-dimensional facés, a(x,s)=0. Suppose face j is
one such face; then ¢;(x, s) = 0 on this face also. In fact, the only places where ¢;(x,s) =0
are the points in the hyperplane in which face j lies, hence ; must be a factor of «.
This means that there exists a (g —1)th degree polynomial—a;(x, s), say—such that

3.7) a(x, s) = y;(x, s)a;(x, s).

Now define another n-dimensional simplex &; as having vertices at
-1

(3.8) sj+(q )(sk—sj), k=0,---,n

Then, to within a constant (which depends only on ¢;(x,s)), a;(x,s) is a Lagrange
basis function of degree g —1 on ¥;. So, by the inductive hypothesis, «;(x, s) depends
only on the Lagrange basis functions of degree 1 on &;. However, these are just linear
functions on & and therefore depend only on {y(x,s), - -, ¥,(x,s)}. Thus a(x,s)
depends only on {y(x,s), - - -, ¥,.(x,s)}. 0

Although the result above is only given for a Lagrange basis function of degree
q on a single simplex, it is easily generalized to a whole grid of simplexes. This is
done by first extending the definition of a Lagrange basis function to cover the entire
grid. We set

L,=U L,(¥) over all simplexes ¥ in the grid,

and then define a basis for P)(s), the space of C° piecewise polynomials of degree g
on the grid s, by introducing a function corresponding to each point in L,, in the same
way as we did before. Now, since the result of Theorem 3.3 is given trivially for a
function which is identically zero on a simplex, the theorem must still hold for our
extended Lagrange basis of Py(s).

Hence, we have shown that Theorem 2.4 may always be applied to a Lagrange
finite-element basis function of degree g in n dimensions. Thus, for any function
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ve PY(s),
(3.9) 98 (%, 8(1)) = = (x, s(1)) 22 (x, 5(1)).
as,- [0).¢

4. Hermite finite elements. We will follow the notation of Ciarlet [3] and define
a Hermite finite-element space to be any finite-element space such that at least one
directional derivative occurs as a degree of freedom. As has already been mentioned,
(2.28) cannot be satisfied for all of the basis functions of an arbitrary space of this
type. The simplest example of this is given by Hermite piecewise cubic polynomials
in one dimension. The conventional basis for this space is constructed as follows.

Choose a grid se R" (such that s, <s,<---<sy_,<sy). Then, for each node,
s;, define two piecewise cubic basis functions, x;(x,s) and A;(x, s) say, by

0K; )
Ki(sj’s)=8ij, a—l;(sj,s)=0, J=1,' . .’M

IA; )
/\i(Sj,S)=0, ‘a;(sj,s)=8ij, j=1,---,N.

It can easily be shown that

(4.1) Ki(x,8) = ¢i(x, $)[3 - 2¢5(x, 5)]
and ’
(42) Ai(x’ S) = l/’?(xa s)[x - Si]a

where, as usual, ;(x,s) is the linear hat function which takes the value 1 at s;. By
Lemma 3.1 and Theorem 2.4,

(4.3) z—K(x s) = —¢;(x, s) (x s);
J

however, the analogous result does not hold for A;. This is because (2.28) cannot be
satisfied for these functions. Observe that the range of values taken by A;(x,s) is
[—4(s; —s:_1)/27, 4(s;4, — 5;)/27], which is clearly grid dependent, hence statement (d)
of Lemma 3.1 is not satisfied, and so neither is statement (a).

Despite this difficulty we may still obtain an expression of the desired form for
the grid derivatives of A;(x, s), and hence of v. Note that

(4.4) %(x,s)=—¢%(x,s)a,, (6= 5045, 9) = (W25, 5)

(using Theorem 2.4 on the ¢?(x,s) term); therefore

i gy = —y? —a(x— 3Y;
“s) . (58) =~ 98, =2(x= Uy W (9) T 59

—(x, S) (x s)+ Yi(x, s)[¢(x, s) — ;1.

Hence, we may deduce that

(@46 2 (xs) =59 = (x s>+z % (51, 3% )Yy (3% 5) — 3,1

J
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Thus
j—s(sk,s> (sk,s>+ z % (5,555~ 3,)
(4.7) !
== jkj-_.:(sk, S),
and
¥v _ awj v
axas,(x"’s)_ z(k, )_ (k, )
N
+y (s,,s)[w (55, 8) 22 +z¢,(sk,s>w,(sk, 3‘”‘]
2 ax
ov
_2_( S)(l/](sk,s) (sk,s)
X
(4.8)
(sk, )—a"" % (50,9

oY, v oy;
2 5., 2
9% ] ox (sk’ S) jk 9

N dv o
+ —(s;,8)] 6; — 26; 5
,Z:l 0X ( )[ k 0x ik

2

v
_6jka_;(sk,s)-

Finally, (4.7) and (4.8) imply that

ov ED) o’v v
49 —(x,8)=——(s;,8)K;(x,8)— ,S)A (x, s s;,8)A; (x,s
(9) (68 = =0 (5 ) 8) =5 (57, 9N, (5:9) =25 (57, 9N (9,
where A; (x,s) is A;(x, s) restricted to [s;_;, 5,1, A] (x, §) is A;(x, s) restricted to [s;, 5;+11,

5 -

v Ex)
— s) =1lim X, s) |,
o (529 =lim | 25 ()
and
v, . [ i
—(s;,s)=Ilim x,s) |.
S 9 =lim | 25 (x8)

So despite the fact that Theorem 2.4 cannot be applied directly to the A; basis
functions, we are still able to write 9v/ds;(x, s) in terms of the spatial derivatives of v,
which was our original goal. For this, the simplest of all Hermite cases, the same result
could, with some effort, have been obtained by explicit differentiation with respect to
s;. However, for more complicated spaces, such as the one outlined below, this becomes
an unrealistic alternative. Before finishing with this space however, it is worth noting
that Lynch and O’Neill [7] use an incorrect expression for gv/ds; when working with
Hermite cubics in one dimension. They apply relation (2.29) directly to each A; function
and so they do not get the last two terms on the right-hand side of expression (4.9).
This means that the trial solution obtained to most problems is likely to be very poor,
even though the positions and values of the node points may correlate well with the
true solution, as they appear to do in [7].
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A commonly used trial space in two dimensions consists of piecewise cubics which

are continuous at the node points of a triangular grid. Following the terminology of

Strang and Fix [15] we will denote this space by Z;. The standard basis, {x;, A;;, A1 i =
, N}YU{¢;:i=1,---, E}, where our finite-element grid has N nodes and E

triangular elements, is defined as follows.

For each node i=1, - -,

N
Ki(sj) = Sija

aK;
—(s;) =0,
9%, (s))

Ki(ek) = Oa

oK,
—(s.)=0
90X, (s,) ’

/\i,l(sj) =0, Ai,l(ek) =0,
(4.10a) ahis 3,\, .
- i) = 81‘" O
o, (s;)=8; ( ;) =
Aia(s;) =0, AiZ(ek) =0,
8/\, 8/\,
2( ;) =0, 2( ) =8y
For each element i=1, -, E
¢i(s')=0, oi(ex) = by,
(4.10b) o, a¢;
Ps)=0. s)=o,
where je{1,---, N}, ke{l,- -, E}, s; is the position of node j, e, is the position of

the centroid of element k, and each basis function is a cubic polynomial on each element.
Mitchell and Wait [11] make the useful observation that on an arbitrary element—e,
say—with a local numbering, e(1), e(2), e(3), of the vertices

(4.11) Ge =27 \¥e)¥e3) »
(4.12) Ke(i) = Ye(p[3Wey = 200 = Theo Ye 1,
(4.133) Aeinn = e (Se(iy1 = Serr, ) Yot (Wey = Ye( )

+ (Se(j),l - Se(l),l)‘f’e(l)(!pe(k) - ‘f’e(j))]’
and
(4.13b) Aeid2 = e (Se(y 2= Seqky 2) Yt (Wety = Ye( )

+(Sejy,2 = Sey2) ety (Weiiy = Ye (i) 1,
where (j, k, I) is any cyclic permutation of (1,2, 3). Note that on each element with
node j as a vertex (and other vertices at s, and s;, say)
512) X1 = (Sk1 = S11) %2
sjzsll)+(sjlsk2_sj2skl)’
so it is easy to see the difficulty we would have in differentiating (4.12) and (4.13), for
example, with respect to s; if it was done explicitly. However, by Lemma 3.1 and
Theorem 2.4, we know that on this element

9P

8Se(i)

(811812 — Si28) + (S —

(Sk1812 = Sic2s11) — (Sjlslz -

'ljj(X, S) =

(4.14)

(x’ S) !//e(t)(x S) (X S)



TEMPORAL DERIVATIVES ON DEFORMING GRIDS 1001

and

OKe(j) OKe())
4.15 L (x,8) = —th (X, s X, s).
(4.15) o 068) = o (x,8) T2 (x, )
Lemma 3.1 also tells us that we cannot use Theorem 2.4 directly on A,y , (f=1,2),

but that we can apply it to o) We k(Yo — Yo ;y) and Ye(pWey(We(y = We(jy)- Ford =1,2
this gives

9Ae(),r F)
—;:['lje"l/ek(!//el_‘pe')]—(se', _Sek,)
3Suiir.a DWetio(Weq) o) B5agna e T Seths
0
_(Se(j),f_Se(k),f)'lfe(i)a—[!//e(j)',lfe(k)(!//e(,)—a,l/e(j))]
Xd
e et (et — )] —— )
e(DWety(Wey = We(n) ] = (Se(jy. 1 — S
(4.16) OLLON O] o) Bsuipy g E T e

<]
= (Se(i).r = Secty. ) Weti) E (e ety (Wery = Wey)]

A (;

p DL 4 8 [ We(jyWetio)(Weaty = Yo j)) (85 — 81
Xd

==Y

+ ’/’e(j)‘/’e(l)('ffe(k) - ‘//e(j))(5ij - 5i1)]-
Hence, combining (4.14)-(4.16), we get
v

9Se(1),d

v 3 [ av
==ty E"'J; E (Sejy» ey et (Weary — Ye(j)) (85— 8)

(4.17)
F e Wey(Weky = We(jy) (8 — 3:1)]},

where (j, k, 1) is still any cyclic permutation of (1, 2,3). So we now have an expression
for 0v/3s.(i).4, however the right-hand side of (4.17) may still be expressed in a more
convenient form. Let (p, g, r) also be any cyclic permutation of (1,2,3). We will
evaluate 9v/95..),a(Se(p), 8), 90/95c(i) ale, 5), and 6°v/dx; 3Se(ir.a(Se(py>S):

av v
4.18 (S, 5S =_6i —(S. »S),
( ) 9Se(iy.a ( (p) ) paxd ( (p) )
av 1 dv
(4.19) (e,8)=—=—/(e,s),
ase(i),d 3 Xy
and
v
- (Sep)s S
3Xf ase(;),d( 2 )
v WP,y OV
= _aip (se(p)’ S) - — (se(p), S)
aXf 0xy C)Xf 0x,
3 (oo e 3%('))
+ - Se~,S 8 _8 6 +8 . 61"_61'
jgl {Bxd( ) )[( Ip JP)( Jp 9%, kp x, ( ij k)

+(3kp—3jp)(3jp B*Pe(l)_*_slp%)(gij_au)]}’

aXf GXf
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o’v Weqiy 90
420) =-8,——(Se(p)»S)—
( ) (s (p) s) ax, axg

S s)
P ox; 0%y ox, Ser)>

8‘,’8((1)) av
+ 0 1 8,' _8,' - e N
o0-(%2)s, q>axd (Setp»9)

+(0 1)(8‘7[/6“))( ip tr) (se(p)’ S),
Xr

a%v
4.21 =—8,——(Se(p),S)-
( ) paxf 9%, ( (p) )

Using (4.18), (4.19), and (4.21) we can deduce that, on an arbitrary element,

av 3
= Se(i ,S Ke(i €,s e
35e<i)d axd g e S)e ( ¢

(4.22)

2

v
(Se(iy> S)Ae(iy1—

T A — (Se>8)Aei 2
90X, 98Xy 6x26xd( @ ) 02

Once more, we have been able to write the derivatives with respect to node
movement in terms of conventional spatial derivatives. Most finite-element algorithms
involve working inside a loop over all of the elements, and so (4.22) gives a convenient
form of the result. However, it may easily be written in global notation as

v _ NG

2 = 3| A T (9 22) 670,502 22 e k), )i |
36xd

as; k=1
where
N(j)=the number of elements with node j as a vertex.

e(j, k) =the element number of the kth element around node j, according to some
fixed ordering.

e(j, k) =the centroid of element e(}j, k).
Aja = A; 4 restricted to element e.

(V(3v/3x))(s; , s) = the limit of (V(3dv/9x))(x, s) as x approaches s; along any path
in element e.

5. Discussion. In this paper we have observed that for any finite-element method
of directly solving (1.1) on a continuously adapting grid it will be necessary to evaluate
dv/ds;, i=1,---, N, where v is the trial solution. Theorem 2.4 allows us to do this on
a grid of simplexes, provided each basis function satisfies condition (2.28), giving an
expression which depends on dv/dx. This is a very useful result because the spatial
derivatives of v need to be calculated anyway in order to evaluate £(v).

In § 3 we showed two equivalent statements to (2.28) and proved that Theorem
2.4 holds for Lagrange finite-element spaces of any degree and spatial dimension, thus
giving a simple way of calculating otherwise unmanageable derivatives. Even when
(2.28) is not satisfied by all of the basis functions of a space, the theorem can still be
of great use in evaluating dv/ds; as is indicated in the case of Hermite finite-element
spaces in § 4.

Finally, note that although the results of this paper necessarily apply only to
finite-element spaces defined on grids of simplexes, it is possible to extend them for
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some constrained motion of other grids. For example, if a grid moves such that all of
the elements are always rectangular, then any conventional finite-element basis is such
that each function can be written as a product of separate functions of each coordinate
direction (e.g., bilinear and biquadratic in two dimensions or trilinear and triquadratic
in three dimensions). Hence the above results may be applied to each of these functions
of a single variable.
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