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Abstract

The fully coupled approach for the solution of elastohydrodynamic lubrication

(EHL) point contact problems requires the numerical solution of the elasticity prob-

lem on a large 3D domain. A sufficiently fine computational mesh is required to

obtain the elastic deformation solution to the necessary accuracy, and hence a suffi-

ciently accurate EHL point contact solution. This paper discusses the accuracy of an

EHL point contact solution over different finite element meshes. We present a family

of efficient 3D meshes which can be used to calculate accurateEHL point contact

solutions at a minimal computational cost. This paper also illustrates the fact that the

unstructured hierarchical meshes can lead to a poor qualityEHL solution unless an

appropriate post-processing, smoothing, technique is applied.

KEYWORDS: elastohydrodynamic lubrication; finite element method; linear elasticity; fully

coupled approach; efficient meshes, hierarchical meshes

1 INTRODUCTION

Elastohydrodynamic lubrication (EHL) deals with the behaviour of lubricantfilm between the

moving components of mechanical systems. The shape of lubricant film is determined by the
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geometry of contacting elements as well as the lubricant properties. If the pressure generated in-

side the lubricant film is sufficient then the contacting elements will deform elastically and hence

define a new shape of lubricant film. This class of problem is known as elastohydrodynamic lu-

brication.

Since the shape of an elastohydrodynamic lubrication film depends only upon the elastic de-

formation of contact surfaces, if we are only interested in the film thickness, and the associated

pressure profile through the contact, then we need only compute the elastic deformation of the

surfaces themselves. Most traditional approaches e.g. [1–5] exploit this by computing the elas-

tic deformation of the contact surfaces using a half-space approach, which is based upon an

analytical solution of the elasticity equations on a semi-infinite domain. A number ofefficient

numerical techniques have been developed, such as the multigrid technique[1] which provided a

faster convergence rate and hence reduced the computational cost. Further computation time re-

ductions were achieved by Brandt and Lubrecht [2] introducing the Multilevel Multi-Integration

(MLMI) technique, in which computation of the elastic deformation integral wasaccelerated.

This was further developed by Venner [3, 6], Nurgat [4] and Goodyer [5]. These methods limit

the discretization process to regular structured rectangular meshes usinglow order (usually fi-

nite difference) approximations. Furthermore, these methods are also based on a loose coupling

between the governing equations (the Reynolds equation, the film thicknessequation and a load

balance equation), which can lead to a relatively slow convergence rate due to loss of informa-

tion during the iterative link between the pressure and film thickness solutions. Nevertheless, an

efficient multigrid and MLMI combination still represents one of the most effective numerical

procedures for computing the pressure and film thickness to date.

An alternative to the loose coupling is the full-system approach, which consists in solving the

discretized governing EHL equations simultaneously. A Newton-Raphson full system approach

was first used by Oh and Rhode [7]. This method ensures the convergence of solution in few

outer iterations, still based on the half-space approach for the elastic deflection. The drawback of

this approach however is that use of the half-space solution requires information from all points

in the domain to calculate the deflection at each point, which makes the Jacobian matrix dense.

Finally, for heavy loads, the Jacobian matrix becomes almost singular, whichcan make it very

hard to reach the solution. From 2000, a “Differential deflection method”,also based on the half-
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space approach, was introduced by Evans, Hughes and co-workers [8–11]. Here, derivatives are

taken of the deflection to represent it as a second order differential system. The advantage of this

method is that it requires information from comparatively fewer points in the domain to calculate

the elastic deflection at each point. This leads to a less dense matrix. Recently,Habchi [12–14]

extended this full-system approach further by discarding the half-space approximation and solv-

ing a classical linear elasticity equation on a finite domain to calculate the elastic deflection.This

equation only uses the information at the neighbouring points to calculate the elastic deflection

at a point in the domain, so the resultant matrix is highly sparse and it is possibleto reach the

solution (even up to moderately high loads) without any special treatment forconvergence.

It is important to note that this full-system approach is significantly more expensive than the

classical MLMI/Multigrid approach due to the additional dimension of he linearelasticity model.

However, the numerical solution of the classical linear elasticity system provides considerably

more information about the solution than is available from the half-space approximation. In par-

ticular, the elastic deformation is computed throughout the contacting elements: itcan therefore

be used to provide engineers with further information such as stresses, which are not available

using the traditional half-space approach. The reason for the increased computational cost is that

the linear elasticity equation needs to be solved in a 2D domain for line contact problems, and a

3D domain for point contact problems. In a finite element solution of the linear elasticity equa-

tions, the greater the number of mesh points, the more precise the solution will be. This however

leads to a significant increase in the size of the discrete algebraic system to be solved. It should

also be noted that a fine mesh is required in the regions where the solution requires the great-

est resolution. Therefore special attention is required to choose different mesh sizes in different

parts of the domain, especially in point contact problems in order to get a precise solution with

minimal computational cost. In the work of Habchi [14] this issue is addressed by dividing the

elasticity domain into three distinct regions.

In this paper we seek to address the issue of the high computational cost ofthe point con-

tact EHL case using the elasticity approach with an optimal preconditioning strategy [15]. In

particular, we investigate the use of different mesh sizes in different parts of the 3D domain to

get a sufficiently accurate elastic deformation with as few degrees of freedom as possible. This

investigation is empirical and is based upon the comparison of numerical solutions computed on
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different meshes. In conclusion, we present a family of efficient meshes which provide a suffi-

ciently accurate elastic deformation at a minimal cost. The efficiency of these meshes are further

justified by comparing the EHL solution with previously published results [3]. Finally, this pa-

per also addresses a number of important issues that arise regarding thequality of unstructured

hierarchical meshes.

2 MATHEMATICAL MODEL AND DISCTRETIZATION TECHNIQUES

In this section we present the mathematical model of EHL point contact problems. Following the

work of Habchi [12–14], the linear elasticity equation is used to compute the elastic deformation

of the contacting elements. These equations are presented in the non-dimensional form. A finite

element (FE) discretization of the Reynolds equation, the linear elasticity equation and the load

balance equation is discussed separately.

2.1 Mathematical model

In this subsection we present an EHL model in non-dimensional form e.g see [6]. Moreover,

an equivalent geometry of an EHL model is considered in this work. The equivalent geometry

models the contact between two surfaces by an elastic surface and a planewhere the elastic

surface contains the total elastic properties of both contacting elements, andhence the solution

will provide total elastic deformation of both contacting surfaces.

Our isothermal EHL model consist of three equations: the Reynolds equation, the film thick-

ness equation and the load balance equation.

The Reynolds equation, which governs the pressure distribution throughthe contact reads:

∂

∂X

(

ǫ
∂P

∂X

)

+
∂

∂Y

(

ǫ
∂P

∂Y

)

−
∂

∂X
(ρ̄H) = 0, (1)

whereǫ = ρ̄H3

η̄λ̄
, P and H are the dimensionless, unknown, pressure and film thickness re-

spectively. Alsoρ̄ andη̄ are the dimensionless density and viscosity of the lubricant andλ̄ is a

dimensionless speed parameter. In this work the Roelands [16] viscosity model and the Dowson

4



and Higginson [17] density model are used, however there is nothing thatlimits our approach

to these models. In this work, Moes parametersL andM are used to describe an EHL case. A

detailed descriptions of these parameters can be found, for example, in [6].

Generally, it is assumed that, at the boundary of the contact regionΩc, the pressure inside the

lubricant is equal to the ambient pressure. Pressure lower than the vapour pressure is physically

unacceptable, thus the fluid will evaporate and the pressure will remain equal to the vapour

pressure. This process is called cavitation [3,18,19], and since both the vapour pressure and the

atmospheric pressure are very small compared to the pressure generated inside an EHL contact,

they can be treated as zero, hence the pressure is limited from below by zero. Thus the Reynolds

boundary conditions reads:

P ≥ 0 on Ωc and ∇P.~n = 0 at the cavitation boundary,

where~n is the outward normal vector to the cavitation boundary. Since the exact location of this

boundary is unknown prior to computing the pressure this is known as freeboundary problem.

A specific treatment is required to handle the free boundary problem and isdiscussed in the next

section. See also [18–23], for example, for a more comprehensive discussion of treatments of

cavitation at the boundary and within the Reynolds’ domain.

The film thickness equation determines the shape of the lubricant film in the contact, for a

circular point contact it reads:

H = H0 +
X2 + Y 2

2
+ D(X, Y ), (2)

whereD is the elastic deformation andH0 is a central offset film thickness, while the middle

term on the right-hand side defines the shape of undeformed surface.

Finally, the load balance equation is a conservation law, which ensures thatthe total pressure

generated balances the applied load and is given by

∫ ∫

Ωc

P (X, Y )dΩc =
2π

3
. (3)
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2.2 Linear elasticity equation:

In the film thickness equation, the elastic deformationD of the contacting bodies can be modelled

by solving the classical linear elasticity equation on a three dimensional domainΩ (for point

contact), see Figure 1, with appropriate boundary conditions:

∂

∂Xj

(

Cijkl
∂Uk

∂Xl

)

= 0, (4)

where repeated suffices imply summation (over the three space dimensions),

Cijkl = λδijδkl + µ(δikδjl + δilδjk)

andλ andµ are material properties given by

λ =
νE

(1 + ν)(1 − 2ν)
, µ =

E

2(1 + ν)
.

Hereδij is the kronecker delta, whilstE is the reduced Young’s modulus andν is the reduced

Poisson ratio of the material used. A detailed description is provided, for example, in [12–14].

Note that the equation (4) is solved subject to the boundary conditions:























U = 0 at the bottom boundaryΩD;

σn = njCijkl
∂Uk

∂Xl
= −δi3P at the contact boundaryΩC ;

σn = 0 elsewhere.

(5)

2.3 Discretization

As stated earlier, the linear elasticity equation needs to be solve on a3D domainΩ for the point

contact problems. In this work we follow Habchi [12] and select a cubic domain for the reduced

geometry. In [12] it is demonstrated that a geometry of size60 × 60 × 60 is sufficiently large to

provide accurate solutions, so this is adopted throughout this paper. Let∂Ω be boundary of the

domainΩ andΩc is part of∂Ω that corresponds to the contact region. In this work, a standard

Galerkin discretization of the Reynolds equation (inΩc) and the linear elasticity equation (in

Ω) is considered. It should be noted that a penalty method [20] is used to handle the cavitation
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boundary, thus the Reynolds equation takes the following form:

∇. (ǫ∇P ) −
∂

∂X
(ρ̄H) − ξP− = 0, throughoutΩc, (6)

where we imposeP = 0 on ∂Ωc, ξ is a suitably large positive number andP− = min(P, 0).

Note that this term has no effect whereP ≥ 0, however it dominates only in the regions where

P < 0. This term has an effect of forcing the negative pressure towards zero provided thatξ

is sufficiently large. In this workξ is chosen to be106 × h2
e as suggested in [13], wherehe is

the characteristic length of an element. An increase in this factor will lead to an increase in the

computational work for minimal change in the solution. Moreover, while updating the density

and viscosity the very small negative pressures in the cavitation regions are treated as zero.

For a weighting functionWp, the weak form of the Reynolds equation is:

∫

Ωc

ǫ∇P.∇WpdΩc −

∫

Ωc

ρ̄H
∂Wp

∂X
dΩc + ξ

∫

Ωc

P−WpdΩc = 0. (7)

Similarly, for a weighting functionWu, the weak form of the linear elasticity equation is:

∫

Ω

Cijkl
∂Uk

∂Xl

∂Wu

∂Xj
dΩ =

∫

Γt

njCijkl
∂Uk

∂Xl
WudΓt, (8)

whereΓt is part of∂Ω corresponds to traction boundary. As shown in (5) njCijkl
∂Uk

∂Xl
represents

the normal traction and is given as











njCijkl
∂Uk

∂Xl
= 0 whenΓt = ∂Ω − Ωc

njCijkl
∂Uk

∂Xl
= −δi3P whenΓt = Ωc

Equation (8) can therefore be written as:

∫

Ω

Cijkl
∂Uk

∂Xl

∂Wu

∂Xj
dΩ +

∫

Ωc

δi3PWudΩc = 0. (9)

Consider a partition ofΩ into Nu tetrahedral elements,{Ωe}, such thatNp of these elements

have triangular faces onΩc (and these triangular faces form a partition ofΩc). Let {Ωce} be the

set of theseNp triangles and definePh
u andPh

p to be piecewise linear finite element spaces over
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{Ωe} and{Ωce} respectively.

Equations (7) and (9) can be written as a sum over these elements:

Np
∑

Ωce=1

(
∫

Ωce

ǫ∇P.∇WpdΩce −

∫

Ωce

ρ̄H
dWp

dX
dΩce + ξ

∫

Ωce

P−WpdΩce

)

= 0, (10)

Nu
∑

Ωe=1

∫

Ωe

Cijkl
∂Uk

∂Xl

∂Wu

∂Xj
dΩe +

Np
∑

Ωce=1

∫

Ωce

δi3PWudΩce = 0. (11)

In each elementΩce, P in equation (10) is approximated by:

P ≈ P e =

3
∑

j=1

N e
j P e

j (12)

whereN e
j are local linear basis functions andP e

j are nodal values ofP within the element. So

replacingP in equation (10) with the approximation given in equation (12) andWp with N e
i for

i = 1, ..3, followed by the usual finite element assembly process, leads to a discrete system of

np nonlinear equations, wherenp is total number of nodes inΩc, excluding boundary nodes.

Similarly, in each elementΩe, U in equation (11) is approximated by:

U e =
4

∑

q=1

W e
q U e

q (13)

whereW e
q are local linear basis functions andU e

q are nodal values of the displacementU within

the element. So replacingU in equation (11) with the approximation given in equation (13), P

with the approximation given in equation (12) andWu with (W e
q , 0, 0)T , (0, W e

q , 0)T and then

(0, 0, W e
q )T for q = 1, ..4, leads to a discrete system of3×nu linear equations, wherenu is total

number of nodes inΩ excluding Dirichlet boundary nodes.

Finally, the discrete form of the load balance equation is obtained by using thefinite element

assembly of the approximation given in (12):

Np
∑

Ωce=1

∫

Ωce

3
∑

j=1

N e
j P e

j dΩce −
2π

3
= 0. (14)
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2.4 Solution procedure

In this work, a fully coupled solution approach is considered. This involves the direct coupling

of all of the discrete systems arising from the finite element discretization of theEHL equations

to form a nonlinear system of equations for all unknowns. This is solved inone pass. Thus,

no under-relaxation is required and no extra treatment is required to achieve convergence for

heavily loaded cases (provided a sufficiently good initial guess is used).The discretized systems

discussed in the previous subsection can be written in the following matrix form:































RP (P,U, H0) = 0

RU (P,U) = 0

RH0
(P) = 0

(15)

whereRP represents the system ofnp nonlinear equations arising from the discretization of

Reynolds equation,RU is the linear system of3 × nu equations arising from discretization

of the linear elasticity equation andRH0
is the scalar residual of the discretized load balance

equation (14). Similarly, P is a vector of thenp unknown pressure coefficients,U is a vector

of the3 × nu unknown displacement components andH0 is the unknown central offset. In this

work, a Newton-Raphson procedure is applied to system (15) to yield the following linear system

at each outer iteration:













∂RP

∂P

∂RP

∂U

∂RP

∂H0

∂RU

∂P

∂RU

∂U
0

∂RH0

∂P
0

T 0

























δP

δU

δH0













=













−RP

−RU

−RH0













. (16)

Starting with an initial estimate for the solution, the Newton procedure consists ofsolving the

linearized system (16) at each Newton iteration and this update is added to the solution obtained

at the previous iteration, to provide an improved solution. This process is repeated until conver-

gence is achieved. If the initial guess is not sufficiently accurate then someunder-relaxation may

be required to achieve the convergence. In this work, we only used a Hertzian pressure profile as

an initial guess for pressure and no under-relaxation was required to reach the converged solution
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for the loads reported here.

Since the Reynolds equation exhibits an oscillatory behaviour in the pressure solution for

heavily loaded cases (see [1, 6] for example), in order to get a stabilizedsolution a Streamline

Upwind Petrov Galerkin (SUPG) method [24] has been used. To explain theimplementation, let

us rewrite equation (1) in the classical convection-diffusion form as follow:

−∇. (ǫ∇P ) + H
∂ρ̄

∂P

∂P

∂X
+ ρ̄

∂H

∂X
= 0,

which may be expressed as

−∇. (ǫ∇P ) + V.∇P + Q = 0, (17)

whereV = (V1, V2) = (H ∂ρ̄
∂P

, 0) andQ = ρ̄∂H
∂X

. The terms in equation (17) are known as

the diffusion, convection and source terms respectively. The SUPG methodapplied to this kind

of problem consists of choosing the weighting functionWp in equation (10) (excluding penalty

term) of the form:

Wp = Np + αs
he

2|V |
V.∇Np

with

αs = coth(Pe) −
1

Pe
, Pe =

|V |he

2ǫ
,

wherehe is the characteristic length of an element andPe is the local Peclet number of the

elemente. In the Galerkin procedure, oscillations will occur whenever|Pe| > 1 however these

are damped by the SUPG approach. For more details, see for example [13,24, 25]. Note that

the extra terms (introduced by SUPG approach) have no effect on the accuracy of a converged

solution in the limit as the mesh size goes to zero.

Note that the solution of the coupled linear system (16) is the most expensive part of the so-

lution procedure. In [14] a sparse direct method is used. Whilst very efficient for line contact

problems this does require significant memory and CPU resource for pointcontact problems.

Furthermore, since the solution of (16) is only required as part of an outer iteration it is not gen-

erally necessary to solve it exactly, i.e. it is only necessary to solve the linearsystem (16) to a
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sufficient precision in order to determine a good Newton update to achieve convergence of the

nonlinear system (15). In this work therefore we have made use of a preconditioned GMRES

method [26] to solve (16) at each Newton iteration. The key feature that makes this approach

computationally competitive is the choice of preconditioner and in [15] we describe a precon-

ditioner which allows both very fast convergence and a very rapid application at each inner

iteration. This is based upon approximating the∂RU

∂U
block in (16) by a single algebraic or geo-

metric multigrid V-cycle [27–29] and using a fast sparse direct solver [30] for the ∂RP

∂P
block of

the preconditioner. Results presented in [15] show that this approach substantially out-performs

the application of a sparse direct solver to the whole of (16), both in terms of memory and of

CPU requirements.

3 EHL RESULTS

For the point contact problems considered here, the Reynolds equation needs to be solved on

a 2D domain and the elasticity equation on a 3D domain. As previously mentioned, following

Habchi [12], we letΩ represent a 3D domain−30 ≤ X ≤ 30;−30 ≤ Y ≤ 30;−60 ≤ Z ≤ 0.

In [12] experiments were undertaken on different dimensions leading to the said dimension being

adopted in their work. In this section, we first discuss the accuracy of theelastic deformation

solution by defining suitable meshes and give a comparison against solutionsobtained by using

very fine meshes. These tests have been carried out first using a Hertzian pressure profile and

then assuming a typical EHL pressure profile, though the results presented here are only for the

EHL pressure profile. The test cases considered in this work are described in the Table 1. These

test cases are taken from [3] in order to establish a comparison of the current model with a finite

difference based model so as to validate the calculated point contact results.

It should be noted that the fine mesh cases used for comparison of solutions lead to very large

computational problems and it has only been practical to solve these large problems by devel-

oping an efficient preconditioned GMRES solver [15]. This solver usesa block-wise precondi-

tioning strategy. The preconditioning of the elasticity block is done using AMG preconditioning

which is designed to be of orderO(n) and the preconditioning of the Reynolds block is done
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using an efficient sparse direct solver. We discuss full details of the performance of this solver

in [15].

Ωc is the part of the boundary of the 3D domain which corresponds to the contact region and

is chosen to be of dimension−4.5 ≤ X ≤ 1.5;−3 ≤ Y ≤ 3. Note that three resolution cases,

named Resolution 1, 2 and 3, are used in this work, corresponding to regular grids of64 × 64,

128 × 128 and256 × 256 points inΩc respectively.

Throughout this section meshes have been generated using the open source software NET-

GEN [31]. This allows meshes of a given local spacing to be defined, as well as permitting hi-

erarchical mesh refinement to take place. Moreover, it allows one to perform mesh optimization

over the meshes resulting from hierarchical mesh refinement.

3.1 Accuracy of the elastic deformation

The pressure generated inside the lubricant film is high enough in the contact region to lead to a

significant elastic deformation while, on the other hand, the pressure outside the contact region

is relatively low. Moreover, the precision of the computed elastic deformationis most important

in the contact region, since this is where it has most effect on the Reynoldsequation. Hence, we

propose that a fine 3D mesh is required in the contact region up to a certain depth, but not in

the whole elasticity domain. Nevertheless, a suitable mesh size needs to be defined outside the

contact region in order to get a sufficiently accurate solution throughoutthe whole domain.

Here, we present selected meshes which give a sufficiently accurate elastic deformation so-

lution at as low a cost as possible. In order to show the effectiveness ofthese meshes, the

elastic deformation solution is compared against the solution obtained on very fine meshes.

In the case of fine meshes, we split the 3D domain into two regions. The first region is of

dimension−4.5 ≤ X ≤ 4.5;−3 ≤ Y ≤ 3;−3 ≤ Z ≤ 0 and the second region is the

remainder of the domain. A mesh size corresponding to different resolutioncases is adopted

everywhere in the first region and a mesh size of0.5 is used in the remaining region. A view

(XY plane, whereZ = 0) of the top of the domain is shown in figure 2. For the sake of sim-

plicity, the notationsR1 andR2 are used to represent these two different regions in the do-

main,R1 representing the whole domain, andR2 representing the central region of dimension
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−4.5 ≤ X ≤ 4.5;−3 ≤ Y ≤ 3;−3 ≤ Z ≤ 0. It should be noted that the length ofR2 is

chosen−4.5 ≤ X ≤ 4.5 instead of−4.5 ≤ X ≤ 1.5 (see definition ofΩc above) in order to

get a sufficiently accurate elastic deformation solution. We carried out different experiments to

ensure that any increase in the depth ofR2 and any further decrease in the mesh size adopted

in the remaining region does not lead to any significant improvement in the accuracy of the

elastic deformation solution. Note that this two-region strategy for defining fine meshes for the

three resolution cases considered leads to3505403, 4950405 and15802299 nodes in the mesh

respectively.

Having established meshes to act as a benchmark for each of the three resolutions to be consid-

ered, we now seek to define meshes with fewer degrees of freedom thatare able to yield results

of similar accuracy. To do this we split the 3D domain into four regions. The first two regions

are hemispherical regions with radii ‘1.5’ and ‘15’ respectively. The third region is a cube of

dimensions−20 ≤ X ≤ 20;−20 ≤ Y ≤ 20;−40 ≤ Z ≤ 0 while the fourth region is the

remaining region of the domain. The choice of first region is based on the fact that this includes

the region where the pressure values are most significant (especially in the inlet region). The

choices of regions 2 and 3 are based upon a large number of differentcomputational experiments

that are not repeated here. A selected resolution (Mesh size 1) is specified for all points inside

the region 1 and a suitable mesh size (Mesh size 2) is defined for points on thecurved boundary

of region 2. For all other interior points of region 2, linear interpolation is used to define a mesh

size for each point. It should be noted that in the remaining regions of the domain (outside of

region 2), different large mesh sizes (Mesh size 3 in region 3 and Mesh size 4 in region 4) are

used depending upon the resolution used in the most central region. The mesh sizes 1 to 4 (for the

four regions respectively) for each resolution case are given in the Table 2, defining the proposed

meshes. Note that the purpose of defining region 3 (particularly for resolution-3) is to control the

huge increase in number of nodes in the mesh without significantly affecting the overall accuracy

of solution.

The root mean square error (RMSE) for the displacement in all three selected resolution cases,

along with their fine (benchmark) cases, are calculated with respect to the fine case of resolution

3 and are given in the Table 3. These figures are obtained by comparing the computed solution

on the given mesh against the best available solution, on the finest availablemesh. One can see
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that the selected cases lead to a small fraction of the nodes compared to their corresponding fine

cases (with the same resolution in the contact region) without significantly affecting the accuracy

of the solution. In particular, for Resolution 1 and Resolution 2 the errors inthe selected cases

are of the same order of magnitude (less than a factor of 2 difference) asthose based on the

benchmark meshes of the same resolution. Moreover, a view of the elastic deformation solution

using the fine and selected cases at resolution-1 along the central line inΩc (whereY = 0) is

given in Figure 3, which also shows that both results are extremely close to each other.

3.2 Point contact results

In this subsection, a comparison of the fully-coupled finite element solver is made with published

results using the integral approach in a finite difference based model. Thiswill enable us to

validate the calculated point contact results. We have split this comparison intotwo phases, one

using the very fine meshes and the other using the more efficient meshes described above.

In the first part, our benchmark meshes lead to the same mesh size (corresponding to three

different resolutions) everywhere in the contact region (Ωc), which therefore provides a fair com-

parison with the finite difference based model [3]. A comparison of these results obtained for the

Test Case 1 with the finite difference based model is given in Table 4 in terms of central and

minimum film thicknesses (this is the data provided in [3]). It should be noted that the number

marked ‘np’ represents the number of pressure unknowns in the contact region and ‘Total dof’

represents total unknowns of the fully coupled system. It can be seen that the calculated results

are very close to that of the finite difference based model. The difference in the two solutions get

smaller and smaller as we switch to higher resolutions. Moreover, it should benoted that both

models use totally different approaches, therefore a small difference inthe solutions is expected

even though they appear to converge to the same result. The main drawbackof these results is

the use of very fine meshes, leading to very large discrete problems, whichare very expensive

from a computational point of view.

In the second part, we are comparing the previous computed results with those computed

over the selected meshes which were determined, as described in the previous subsection, based

upon numerical experiments to ensure a sufficiently accurate elastic deformation solution with
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a significantly reduced computational cost. This comparison is given in Table5. One can see

that the accuracy of the solution is not significantly affected (relative to theoverall discretization

error) while keeping in mind the total decrease in the size of problem. For example in case 3 of

Table 5, a reduction of 45M degrees of freedom (dof) leads to a very small drop in the accuracy

of solution. In particular, in the selected cases, the same order of magnitudein error is observed

as with the fine cases.

A similar trend in the solutions is observed for Test Case 2 which is a comparatively more

heavily loaded case. Table 6 provides a comparison of results obtained onfine meshes against the

finite difference based results [3]. It is evident that the calculated values are again close to those of

finite difference based model and that they again appear to converge to the same result. Similarly,

Table 7 provides a comparison of fine case results with those computed overthe selected meshes.

Again it can be seen that the accuracy of the solution is not significantly affected for this loaded

case (Test Case 2) while computing the solution over the selected meshes. This experiment (and

further experiments undertaken but not repeated here) provides further evidence that the mesh

selection approach proposed in this work may be applied across a range of EHL cases.

3.3 Hierarchical Meshes

In addition to the local mesh resolution, another important factor which affects the accuracy

of a solution of a problem is the quality of mesh used [32, 33]. In other words, optimizing the

quality of a mesh prior to computing the solution of a problem can improve the accuracy of the

solution. In this subsection, this aspect of the solution process is considered by computing the

EHL solution over different meshes of resolution 2. In mesh optimization, somemeasure of the

quality of the mesh is improved by modifying the mesh in different ways. The meshoptimization

in NETGEN [31] includes local reconnection via edge and face swaps, local node movement,

and some collapsing of elements. The metric used is based upon minimizing an error functional

which quantify the quality of the mesh.

For this paper an experiment is carried out for the Test Case 1 in which anoptimized coarse

mesh is chosen as an initial mesh. Three cases are then considered. In thefirst case (Case 1),

two levels of uniform refinement is applied to the initial mesh. Each refinement involves the
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division of each tetrahedral element into 8 child tetrahedra, growing the number of elements

eight times at each refinement level. The division of each tetrahedron is done in two phases, the

first leading to the removal of four corners, leaving an octahedron behind. This octahedron is

further divided to produce four new tetrahedra. There are three choices of diagonals which can

be used to divide this octahedron. In this case, we have used the longestdiagonal [34], however

other choices [35] are possible. In the second case (Case 2), the two levels of refinement are

carried out using NETGEN [31]. Finally, an optimization is performed (within NETGEN [31])

over the mesh obtained in Case 2 leading to Case 3.

It may be observed that Case 1 leads to a poor quality solution since unphysical oscillations

are clearly visible in the pressure solution, see Figure 4. On the other hand, Case 2 yields a

slightly better solution (with fewer oscillations) than that of Case 1, while Case 3leads to a

smooth pressure profile. It should be noted that the number of degrees of freedom for the first

two cases are the same (710906) as a result of the uniform refinement procedures, while in Case

3 this number is 670577. This slight reduction is due to the collapsing of nodes, edges, faces and

elements that takes place during the mesh optimization process. The key observation however is

that the smoother, optimized, mesh can yield a better accuracy in the solution thanthat of a non-

optimized mesh with more nodes. Moreover, in this example we have selected the initial mesh

such that two levels of refinement produce an equivalent mesh to the selected case of resolution

2 (see previous subsection). The RMSE of the pressure and film thickness solutions for these

different resolution 2 cases are calculated with respect to the fine case of resolution 3 and are

given in Table 8. It can be seen that the RMSE of each of the film thicknesssolutions are smaller

and comparatively more closer to each other than the pressure RMSEs. The accuracy of the

pressure profile increases while switching from Case 1 to Case 3 and in Case 3 it is even slightly

improved than that of the selected case. Moreover, it is apparent that theaccuracy of the pressure

and film thicknesses solutions is not significantly affected as compared to thesolutions computed

on the very fine reference mesh with a huge number of degrees of freedom (14834838).
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4 CONCLUSION

In this paper, we used a fully coupled approach to the solution of EHL pointcontact problems

with a finite element approximation to the linear elasticity problem as an alternate to theanalytic

half-space method. This approach was first used by Habchi et al. [12–14] though they used a

direct solver for the linearized system (16) at each Newton step. They also used higher order

elements in order to get a reduced system with a desired accuracy. In order to overcome the

memory and CPU restrictions for the larger 3D problems, we have developeda preconditioned

iterative fully coupled solver [15] and applied it in this work, with low order finite elements.

The contribution of this paper is to investigate the accuracy of the elastic deformation solution,

as well as the complete point contact EHL results, over a number of different finite element

meshes for the linear elasticity problem. It has been possible to show that a judicious choice of

these finite element meshes can allow a substantial reduction in the total number of degrees of

freedom without reducing the overall accuracy relative to the discretization error in the Reynolds

equation solution. In the specific example included here this results in a reduction in CPU of

about96% (from 31681s to 1242s) and a reduction in memory of about96% (from 34Gb to

1.5Gb). The results presented in this paper have been found to be accurateover a relatively

small range of EHL problems, however, it requires a systematic study overa wider range of

cases to demonstrate, as we expect, its applicability in full. Moreover, by defining four regions

of the elasticity domain we have provided a general methodology for selectinga suitable elastic

mesh for a range of EHL point contact problems. Note that if the surface roughness is taken into

account then a finer mesh in the contact region (high pressure region) may be required and this

may therefore affect the mesh sizes close to the central contact region accordingly. Nevertheless

the approach used here would still be applicable.

The solution algorithm [15] used here is based upon the use of linear elements since AMG

methods are well developed and much more efficient for linear elements than higher order ele-

ments. The reduced problem sizes reported here are quite promising, however a large number of

elements were still required to achieve a desired accuracy. On the other hand, the use of higher

order elements would be more accurate [14] and thus would allow the use of coarse elements

throughout the domain to achieve the equivalent accuracy. However, the development of an ef-
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ficient solution algorithm, like preconditioned GMRES presented in [15], is required in order to

fully benefit from the use of higher order elements in further mesh density optimization. Nev-

ertheless, this work should extend to higher order elements since it has been shown in a recent

work [36] that the AMG approach works well for linear elasticity with higherorder finite ele-

ments.

A further observation that we provide in this work is that the use of unstructured hierarchical

meshes without appropriate mesh optimization can lead to poor quality EHL results. This is

likely to be an important observation in future work when we will seek to make use of local

error estimation to control the mesh refinement locally in order to automate the generation of the

linear elasticity finite element meshes.
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Figure 3: Elastic deformation solution along the central line inΩc (whereY = 0): Fine and
Selected case of resolution-1: Test Case 1.
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Table 1: Non-dimensional parameters for the contact between steel surfaces [3].
Parameters Test Case 1 Test Case 2

Moes parameter,L 10 10

Moes parameter,M 20 200

Maximum Hertzian pressure,ph 0.45GPa 0.97GPa
Viscosity index,α 2.2 × 10

−8Pa−1
2.2 × 10

−8Pa−1

Viscosity at ambient pressure,η0 0.04 Pa s 0.04 Pa s
Total speed,us 1.6 m s−1

1.6 m s−1
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Table 2: A set of mesh sizes defining the selected mesh for each resolution case.
Selected Case Mesh size 1 Mesh size 2 Mesh size 3 Mesh size 4

Resolution-1 0.09375 1.0 4.0 4.0
Resolution-2 0.04688 1.0 2.0 2.0
Resolution-3 0.02344 0.7 1.0 2.0
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Table 3: Root mean square error for the displacement in all three selectedresolution cases along
with their fine cases: Test Case 1.

Case Fine cases Selected cases
nodes RMSE nodes RMSE

Resolution-1 3505403 1.64 × 10
−3

97687 2.43 × 10
−3

Resolution-2 4950405 6.25 × 10
−4

221260 9.85 × 10
−4

Resolution-3 15802299 − 705860 4.80 × 10
−4
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Table 4: Validation of point contact results: Test Case 1.
Venner [3] This model

nx × ny Hc Hm np Total dof Hc Hm

64 × 64 (=4096) 0.41904 0.28622 4450 10486550 0.42306 0.28921

128 × 128 (=16384) 0.42872 0.29094 17732 14834838 0.42999 0.29123

256 × 256 (=65536) 0.43116 0.29218 67350 47440138 0.43129 0.29202
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Table 5: A comparison of point contact results over fine and selected meshes: Test Case 1.
This model (fine-meshes) This model (selected-meshes)

np Total dof Hc Hm np Total dof Hc Hm

4450 10486550 0.42306 0.28921 1690 294056 0.42242 0.28603

17732 14834838 0.42999 0.29123 4854 666160 0.42842 0.28996

67350 47440138 0.43129 0.29202 16776 2131882 0.43059 0.29167
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Table 6: Validation of point contact results: Test Case 2.
Venner [3] This model

nx × ny Hc Hm np Total dof Hc Hm

64 × 64 (=4096) 0.070686 0.033080 4450 10486550 0.070251 0.028999

128 × 128 (=16384) 0.078872 0.037120 17732 14834838 0.078987 0.036286

256 × 256 (=65536) 0.080935 0.038480 67350 47440138 0.081202 0.038426
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Table 7: A comparison of point contact results over fine and selected meshes: Test Case 2.
This model (fine-meshes) This model (selected-meshes)

np Total dof Hc Hm np Total dof Hc Hm

4450 10486550 0.070251 0.028999 1690 294056 0.070361 0.027603

17732 14834838 0.078987 0.036286 4854 666160 0.078910 0.035759

67350 47440138 0.081202 0.038426 16776 2131882 0.081243 0.037901
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Table 8: Root mean square error of pressure and film thicknesses solutions of various resolution
2 cases with respect to the fine case of resolution 3: Test Case 1.

Case dof Pressure RMSE Film thickness RMSE t(s) t/iter mem.(≈Gb)

Case 1 710906 3.27 × 10
−2

3.10 × 10
−3

1421 203.0 1.6

Case 2 710906 2.71 × 10
−2

3.31 × 10
−3

1397 199.57 1.6

Case 3 670577 2.42 × 10
−2

3.48 × 10
−3

1343 191.86 1.5

Selected case (Res. 2) 666160 2.56 × 10
−2

3.12 × 10
−3

1242 177.43 1.5

Fine case (Res. 2) 14834838 1.39 × 10
−2

1.68 × 10
−3

31681 4525.86 34
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Nomenclature
H0 Central offset film thickness
Ωc Contact domain
ǫ Diffusion coefficient

Hc Dimensionless central film thickness
ρ̄ Dimensionless density
U Dimensionless displacement vector
H Dimensionless film thickness

Hm Dimensionless minimum film thickness
P Dimensionless pressure

X, Y, Z Dimensionless space dimensions
λ̄ Dimensionless speed parameter
η̄ Dimensionless viscosity

ΩD Dirichlet boundary ofΩ
D Elastic deformation
Ω Elasticity domain

Cijkl Elasticity tensor
he Element size
ν Equivalent Poisson ratio
E Equivalent Young’s modulus
V Fluid velocity field
δij Kronecker delta
λ, µ Lamé’s coefficients
ph Maximum Hertzian pressure

M, L Moes parameters
P− Negative pressure
σn Normal stress
nu Number of nodes inΩ, excluding Dirichlet boundary nodes
np Number of pressure unknowns
Pe Peclet number
ξ Penalty factor

Pp,Pu Piecewise linear finite element spaces
us Total speed
Γt Traction boundary ofΩ
η0 Viscosity at ambient pressure
α Viscosity index
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