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Abstract

Many adaptive techniques for the solution of both steady and time-dependent PDEs
rely on a hierarchy of meshes: starting with a coarse global mesh and refining this by
different amounts in different regions. Since this refinement (or de-refinement) is part
of the solution process it is necessary to dynamically alter the way in which the mesh is
partitioned if a parallel implementation of such an algorithm is to remain load-balanced.
A technique for achieving this is described, based upon consideration of the coarse mesh.

1 Introduction

In this work we consider the dynamic load balancing problem which arises in the adaptive
solution of time-dependent partial differential equations using hierarchical h-refinement.
For the purposes of this paper we restrict our consideration to problems in two space
dimensions of the form
Ju

(1) E(Lt) = L(u(z,1)) for (z,t) € @ x (0,77,

where Q@ € % and £ is some spatial operator. We further assume that the spatial
discretization is based upon a triangulation, 7 say, of Q which is allowed to adapt with time
(see the finite element method of [7] or the finite volume scheme of [3] for example). This
adaptivity will be regarded as hierarchical in the sense that there is a coarse root mesh,
7o say, whose elements are refined to different levels at different times: based upon local
spatial error estimates. The refinement of the elements is recursive, with each element able
to divide into four children (see figure 1), and neighbouring triangles are not allowed to
differ by more than one refinement level (see [2, 7] for examples of this refinement strategy).

If we consider a distributed memory parallel solution algorithm based upon geometric
parallelism and this hierarchical element data structure, then it is clear that at each time
step we would like each processor to hold an equal number of leaf elements, so as to ensure
that load-balance is achieved in the solver. Note that if we only partition elements of the
root mesh then these will not generally be split equally amongst the processors, since each
root element will contain a different number of leaf elements. An additional feature of a
good partition is that the number of triangles along the partition boundary should be as
low as possible so as to minimize the communication required in the solution algorithm.

If we assume that at a given time we have a good partition of the root mesh but that the
leaf mesh is then subject to alteration through local refinement and/or coarsening, then
the modified mesh will not generally be load-balanced. In order to re-balance the mesh
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Fia. 1. Refinement of triangles by recursive subdivision.

dynamically it is necessary to pass root elements (and their children of course) between
processors. This re-balancing should have the following objectives:

production of a load-balanced partition,
a minimal amount of data migration,

a minimal number of elements ending up on the partition boundary,

=W N =

the possibility of an efficient parallel implementation.

In the following sections we outline a new dynamic load-balancing algorithm which is
designed to meet these objectives: it is based upon earlier work of Vidwans et al [12]. It
should be noted that the algorithm introduced may be directly applied to a more general
class of dynamic load-balancing problem than that which stems from (1). In particular, the
adaptivity may be based upon a 3-d hierarchical mesh of tetrahedra (see [10] for example)
and/or an adaptive p-version of the finite element algorithm (as in [1] for example).

2 A Dynamic Load-Balancing Algorithm

Suppose we have a hierarchically refined root mesh which is distributed across p processors.
The weight of a root element will be defined as the number of leaf elements inside it and the
weight of an edge of the root mesh as the number of leaf element edges along it. We may now
define the weighted dual graph of the root mesh: where each node of this graph corresponds
to an element of the root mesh, 75, and two nodes are connected if the corresponding root
elements are neighbours. The task of repartioning the triangulation 7 may therefore be
represented in terms of this weighted graph. In particular, we require an algorithm for
repartitioning such a graph which satisfies the four criteria enumerated in section 1.

2.1 Group balancing

Following Vidwans et al [12], we define a further weighted graph: the weighted partition
communication graph (WPCG). This represents the face adjacency of the p processors
being used (processors that share at least one edge of a root element with a given processor
are said to be face adjacent to that processor). A WPCG is obtained by having one vertex
for every processor and an edge between to vertices if and only if they are face adjacent
to each other. The weight wy;, of the i vertex is equal to the sum of weights of all oot
elements on the i** processor and the weight wg,, of the edge connecting the ith and jth
processors is equal to the sum of weights of all root element edges on the interpartition

boundary between the two processors.
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We now divide the WPCG into two subgroups denoted by Groupl and Group2. Unlike
in [12] however we use a weighted version of the spectral bisection method [5] which results
in a partition which is based upon having an approximately equal weight in each group,
rather than an equal number of processors. Moreover the spectral algorithm is also designed
to keep the weight of those edges of the WPCG which are cut by the partition (the “cut-
weight”) as low as possible. The cost of implementing this algorithm is not significant since
the number of processors, p, is always small compared with the size of the root mesh.

A full description of the weighted spectral bisection algorithm may be found in [5].
Briefly, a weighted Laplacian matrix, L, for the WPCG is first formed and then scaled by
the diagonal matrix D = diag (\/%Nz) The second eigenvector (or Fiedler vector), u,, of
the scaled matrix § = DT LD is then found. Finally a partitioning vector, x, is defined by
x; = uy, Jwy, for i = 1,...,p. The two sub groups are then defined by sorting the p vertices
of the WPCG accordmg to the 51ze of their entry in 2 and placing elements represented by
z;: 1= 1...n in one group (with z' being the sorted vector) and those by z: i = n+1,.

K3
in the other, with n chosen so that

(2) ZwN - Z wN

i=n+1

is as small as possible (where w}\,z is the weight of the vertex represented by ;).

If the leaf mesh is quite uniformly distributed across the processors then we would
expect each group to contain about the same number of processors and an almost identical
total weight. If the existing partition is not well load-balanced however then the number
of processors in each group may be very different. In either case the cut-weight resulting
from this bisection will generally be very small. In the next stage of the algorithm we use
the idea of local migration from the “larger” to the “smaller” group so that after migration
each group contains approximately the same average weight per processor without there
being a significant increase in this cut-weight.

2.2 Local migration

As mentioned above the subgroups formed in the last subsection may not be ideally
balanced. To balance them we now migrate nodes of the weighted dual graph from the
“larger” to the “smaller” group. There are many ways to do this but, due to the non-linear
complexity of the Kernighan and Lin algorithm ([8]), we apply the ideas of Fiduccia and
Mattheyses ([4]) who suggest a similar algorithm but whose complexity is linear.

We first decide which of the subgroups is to be the Sender and which the Receiver. We
then define the number Mig,,, to equal the total weight of all the nodes which are to be
migrated from the Sender to the Receiver. Let Ny and N3 be the number of processors in
Groupl and Group?2 respectively. Also let Ave be the average weight per processor in the
WPCG and Awve; and Awvey be the average weights per processor in Groupl and Group?2
respectively. Then the calculation of Sender, Receiver and Mig, , is shown in figure 2 below
(in order to calculate Mig,,, one simply multiplies the average excess load per processor by
the number of processors in the Sender group). Note that if the combined weight of the
nodes transferred between the Sender and the Receiver is nearly or exactly equal to Mig;, ,
then the two groups will be load-balanced upon completion.

Having established the required load to be transferred, the next issue to address is
that of how many nodes each processor in the Sender group should actually send and



if(Ave; < Aveg){

Sender = Group2;

Receiver = Groupl;

Mig,,; = N3 * (Avey — Ave);
}
else{

Sender = Groupl;

Receiver = Group?2;

Mig,,; = N1 * (Ave; — Ave);
}

Fia. 2. Calculation of Sender, Recewer and Mig,,,.

which processors in the receiver group they should be sent to. Again we build upon the
algorithm of Vidwans et al [12], by defining the concept of candidate processors. Processors
in each group that are face-adjacent to at least one processor in the other group are called
candidate processors. We only allow the candidate processors to be involved in the actual
migration of nodes from Sender to Receiver. Let Ny, be the total weight on all candidate
processors of the Sender group. Then if the i** candidate processor in the Sender group is
face adjacent to more than one candidate processor in the Receiver group we migrate nodes
to that candidate processor which has the “longest” boundary (by this we mean that the
cut-weight between the two processors involved is maximum as compared to other possible
pairs). The amount of load shifted from the ith candidate processor in Sender group is
denoted by Mig; and is given by,

. N; .
(3) Mig, = <7\7 ) * Mig, ;s

L¥iot
where N; is the total weight of the i** processor.

Finally, it is necessary to decide precisely which nodes in the weighted dual graph of
the root mesh should be transferred. Our aim is to transfer those nodes which result in as
low a cut-weight as possible. The fundamental ideas behind this are the concepts of the
“gain” and “gain density” associated with moving a node onto a different processor. For a
node, k say, which is situated on the i candidate processor in the Sender group, we define
the gain(k) associated with this node to be the net reduction in the cut-weight that would
result if this node were to migrate to the Receiver group (the j** candidate processor in
the Receiver group say). The calculation of gain(k) is shown in figure 3.

wg, ifle 4t processor,
gain(k) = Z —wg,, if [ € " processor,
(k1) 0 otherwise.

Fia. 3. The calculation of gain.

The gain density of a node is defined as the gain of the node divided by the weight of
the node. The bulk of the work needed to make a move consists of selecting the base node
(a node which is about to be shifted from one processor to another processor is called a base
node), moving it, and then updating the gains of its neighbouring nodes. We solve the first
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problem, that of selecting a base node, by choosing the node with the largest gain density
on the " processor and whose weight is less than or equal to Mig;. We shift the node
to the receiving processor and update the gains of its neighbouring nodes (observe that in
general the node k will have three neighbours when we are working with triangulations of
two-dimensional domains and four neighbours when we are working with triangulations of
three-dimensional domains) using the algorithm outlined in figure 4. Observe that, if the
gain associated with the base node is positive, then transferring it will not only improve

the load-balance but will also reduce the total cut-weight between the two groups.

For each nj which is a neighbour of the node k {
Let pi be the processor to which ny belongs;
if (pr == j) then

decrement gain(ny) by 2*wg
else if(py == 1) then
increment gain(ny) by 2*wg

npk?

ngpk?

Fia. 4. Updating the gains.

2.3 Divide and conquer and parallel implementation

Once we have obtained Sender and Receiver groups with the same average weights, it is
possible to recursively apply the above splitting algorithm to each of these two processor
groups in parallel: bisecting them and load-balancing them. The recursion terminates when
every group consists of a single processor: each with approximately the same load.

This divide and conquer approach naturally permits a certain degree of parallelism in
its implementation. Further parallelism is also facilitated by the fact that it is possible for
more than one sending processor in a Sender group to migrate data onto its corresponding
receiving processor at any given time. To ensure that no data conflicts arise as a result of this
parallel communication a simple colouring algorithm is used to prevent two neighbouring
coarse elements from being transferred simultaneously. A more detailed description of this
algorithm may be found in [11].

The implementation of this load-balancing algorithm that is used for the numerical
experiments described in the next section was completed using the MPI library ([9]). This
is ideally suited to the divide and conquer philosophy since is provides explicit mechanisms
for the definition and splitting of processor groups.

3 Some Examples

In this section we describe some computations in which a parallel implementation of our
dynamic load-balancing algorithm is tested and contrasted with implementations of two
alternative methods: those of Vidwans et al[12] and Hu and Blake [6]. We begin by briefly
describing the two methods used for the comparison and then present some computational
results for which some non-uniformly refined meshes are dynamically load-balanced on
between 16 and 64 processors of the Cray T3d.

3.1 Alternative algorithms

In [12] Vidwans et al describe a dynamic load-balancing algorithm which is quite similar
to our algorithm, described in section 2. The main differences are that when they bisect a



processor group into Sender and Receiver subgroups this is based purely upon the processor
numbers. In addition, where possible, the processors are equally split amongst the two
subgroups regardless of the quality of the existing partition. The final substantial difference
is that the notion of gains is not utilized in the local migration phase of their algorithm.

In our implementation of this algorithm we have attempted to be as fair as possible.
In particular we use a local migration strategy which is the same as that described in 2.2,
which numerical experiment suggests to be superior to alternatives that we attempted. In
addition we number the processors in a way that we consider to be as good as possible,
based upon an initial calculation of the Fiedler vector of the original WPCG. (Clearly the
numbering of the processors has a very significant effect on the performance of the algorithm
described in [12] since the group bisection depends solely upon this.)

The other algorithm that we use for the purposes of comparison is that described by Hu
and Blake in [6]. This is not based upon recursive splitting but instead seeks to calculate
the optimal route from an existing partition to one in which the weighted dual graph of the
root mesh is perfectly load-balanced. For the purposes of this algorithm the term “optimal”
is used to mean that the Euclidean norm of the migrated load is minimized. It should be
noted that the algorithm doesn’t take into account that the load on each processor comes
in discrete units (i.e. the weights of the root elements) and so it may require that the
weight to be transferred between two processors is a value that is not actually achievable
in practice. Clearly transferring an approximation to this load is the best that can be
practically achieved (and on occasions where the root mesh is very heavily locally refined
this may be far from ideal).

As with the other algorithm used for comparison we have again tried to be as fair
as possible in our parallel implementation of Hu and Blake’s method. In particular we
take great care to ensure that the particular root elements that are transferred between
processors are chosen with the overall cut-weight in mind: again making use of the notion
of the “gain” and “gain-density” of each node on a sending processor.

3.2 Comparative results

We are now in a position to compare our new dynamic load balancing algorithm with the
two algorithms described above. In this subsection we consider three test problems, each
relating to a different geometry €2 and a different root mesh. The common feature of each
example is that these root meshes are all subject to extremely non-uniform local refinement
which leads to a large proportion of the leaf elements being contained on a relatively small
number of root elements (this is typical in an adaptive finite element or finite volume solver).
In addition, the initial partition of the leaf mesh is not very well load-balanced but it does
have a short interprocessor partition boundary (i.e. a small cut-weight).

e In problem I the root mesh contains 3008 elements and the leaf mesh 983509 elements
which are split across 16 processors. The geometry used is the “Texas” domain taken
from PLTMG [2] and the initial partition has between 8 and 1382 root elements in
each subdomain.

e For problem II the root mesh contains 3126 elements and the leaf mesh 1314666
elements which are split across 32 processors. The geometry is taken from [5]
(geometry 2) and features a complex hole in the interior of the region. The initial
partition has between 3 and 1013 root elements in each subdomain.



e In case III the root mesh contains 6313 elements but the leaf mesh contains just
118077 elements which are now split across 64 processors. The geometry is the region
around a NACAO0012 aerofoil and the initial partition has between 14 and 1116 root
elements in each subdomain.

The results of applying the three algorithms to each of these test problems are
summarized in table 1. This clearly shows that the new algorithm consistently achieves a
better load-balance than the original algorithm of Vidwans et al [12]. In addition, when
compared to the optimal approach of Hu and Blake [6], a smaller cut-weight is generally
achieved. (Note that the maximum imbalance, Max-imb, is the largest percentage by which
the total weight on any single processor exceeds the average weight per processor. Also,
the cut-weight is calculated as the total weight of all of those edges of the weighted dual
graph of the root mesh which are cut by the partition boundary.)

Example | Feature | Initial | Hu and Blake | Vidwans et al | New
I Max-imb | 8.0% 5.9% 4.5% 4.5%
Cut-wt 8031 8846 8936 8724

II Max-imb | 14.2% 14.2% 14.2% 10.0%
Cut-wt | 10913 12778 12453 12485

I Max-imb | 12.6% 3.0% 10.1% 3.5%
Cut-wt 5863 6680 6108 6324

TABLE 1

Comparison of dynamic load-balancing results using three algorithms.

There are a number of comments which need to be made concerning these results.
Firstly, the results presented for the algorithm of Vidwans el al are in fact rather better in
terms of the cut-weight produced than if we had followed the original paper ([12]) exactly.
This is because we take great care to transfer those root elements with the highest gain
densities at each stage. The relatively poor load-balance achieved by this method is not
affected however. Also, it may appear on first inspection that all three of these techniques
perform quite poorly in terms of the size of the maximum imbalance. This is not really the
case however since the mesh refinement in each example is highly localized (as is typical
in the adaptive solution of partial differential equations) and so some root elements have
extremely large weights compared with others. This makes it impossible to achieve an exact
load-balance in these cases without increasing the cut-weight massively. In [11] some further
examples are given in which more uniformly refined root meshes are repartitioned. In these
examples each algorithm consistently achieves a maximum imbalance of well under 1%. Tt
is also worthing noting that in such cases the algorithm of Hu and Blake [6] is generally
superior to our algorithm in that the load balance is slightly better and the cut-weight is
usually very similar.

A final note for this section is to observe that the parallel execution times for all of these
algorithms are generally quite similar. Not surprisingly the algorithm of Hu and Blake is
usually a little faster to execute due to fact that it transfers the least amount of data.
Nevertheless, the other algorithms appear to scale in a very similar manner and so never
finish that far behind (for example, in case III the optimal algorithm takes 2.8 seconds to
execute on the T3d whilst the group algorithms both take about 3.9 seconds).
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4 Conclusions

In this paper we have derived a new algorithm for solving the dynamic load-balancing
problem that arises during the parallel adaptive solution of time-dependent PDEs using
hierarchical meshes. We base our decomposition of the problem upon a partition of the
root mesh used in the adaptivity and seek to ensure that each processor holds an equal
number of leaf elements. In addition to this constraint we also seek to minimize the number
of elements with edges on the boundary between processors and to minimize the amount
of data migration that is required. Finally we have implemented our algorithm in parallel
and contrasted its performance with that obtained from parallel implementations of two
alternative algorithms.

The results presented suggest that our algorithm strikes a good balance between the
often conflicting demands of achieving the best load-balance whilst maintaining a low
cut-weight. This is particularly true in the highly demanding (although very realistic)
situation where the local mesh refinement is extremely non-uniform. In these cases some
root elements have a weight which is very much greater than that of others and this causes
the performance of the dynamic load-balancing algorithms to be severely tested. The new
algorithm appears to achieve the best results in this situation.
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