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We propose a model for describing and predicting the parp#eformance of
multigrid numerical software on distributed memory arebitres for which differ-
ent data partitioning and mapping strategies may be used.godhl of the model is
to allow reliable predictions to be made as to the executme bf a given code on a
large number of processors of a given parallel system, bylmehchmarking the code
on small numbers of processors. Despite its relative soitiplthe model is shown
to be accurate and robust with respect to both the paralibitactures and the data
partitioning strategies that are used.
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1 Introduction

Computational science and engineering research is of ggpwnportance across a
large range of application sectors and frequently resdearins have potential access
to a wide variety of computational resources. consequentign a computationally
demanding numerical simulation is to be undertaken thdreaggiently a choice to be
made as to the most appropriate resource on which to exdwitagk. The optimal
selection of resource will depend upon a number of factoch s availability, cost,
turn-around time, etc. In order to make informed decisidesdfore it is desirable
that accurate predictions can be made in advance as to thetexetime of a given
job on a given computer system. An important feature of taigglon-making process
is that different parallelization strategies are gengrnadissible for typical numerical
codes, and so it is also necessary to be able to predict therpance of a given
code on a given architecture for a selection of differentipans and mappings of



the computational data. This is because, depending on thieyar problem and
hardware combination different geometric partitioningghee computational work
can show better performance than others, see for examplén[6fder to make such
decisions in a reliable way therefore, it is necessary tbhatputational researchers
are able to predict the performance of their software aaldBsent combinations of
these resources and parallelization strategies.

We propose a methodology for describing and predicting émopmance of paral-
lel numerical software that can be implemented with diffiiéigeeometric partitionings
of the computational work within a distributed memory atebiure. The method-
ology is tested for a particular class of numerical codeseBaipon the multigrid
solution of discretized partial differential equations]. [Our goal is to allow reliable
predictions to be made as to the execution time of a given oadelarge number of
processors of a given parallel system, by only benchmarkiegode on small num-
bers of processors. We show that the prediction model israte@and robust with
respect to both the parallel strategies, and the paratiaitactures considered.

2 Background

There is a large body of related work into performance maug[B] that varies from
analytical models designed for a single application thioiaggeneral frameworks that
can be applied to many applications on a large range of higbnpeance computing
(HPC) systems. For example, in [9] detailed models of a @aldr application are
built for a range of target HPC systems, whereas in [10] o} &tilapplication trace
is combined with some benchmarks of the HPC system that igghesed in order to
produce performance predictions.

Both approaches have been demonstrated to be able to pracecdeate and ro-
bust predictions, although each has its potential drandagignificant code-specific
knowledge being required for deriving the analytic modelsereas the trace approach
may require significant computational effort. Moreovelithia former approach, when
a different HPC system is used it would generally be necgdsarhange the model,
adding new parameters for example. Instead, in the latemeed to add or to find
new benchmarks when a new code is used. Considering thei¢®, lihe choice be-
tween the two approaches can depend also on other factorsex&mple, when it
is more important to predict the run-time of a large-scalpliaption on a given set
of systems, as opposed to comparing the performance of #tersy in general, re-
searchers (like those in the LANL group [9]) prefer to studeply their application
in order to obtain its own analytic model for the availablé seHPC systems. On
the other hand, when it is more interesting to compare padoces of different ma-
chines on some real-applications, the latter approactefefable; in that case differ-
ent benchmark metrics can be used and convoluted with tHeagppn trace file.

Our approach lies between these two extremes. We use eiyasinple analytic
models (compared to the LogP model [12] for example), thaiaplicable to a gen-



eral class of multigrid algorithms and then make use of alamiahber of simulations
of the application on a limited number of CPUs of the targehaecture in order to
obtain values for the parameters of these models. Predsctis to performance of the
application on larger numbers of processors may then be.made

3 PreviousResearch and Parallel Strategies

In our recent work [2, 3, 4], we use a prediction model thaueaiely describes the
performance of different multi-level parallel numericaldes within a multi-cluster
environment. The model is based on the assumption that a synamartition by rows
of the computational domain is used. In this case each psocean send and receive
MPI messages only to and from the neighbouring processoreately above and
below it in the partition, see Figure 1.

=3

p=1

Figure 1: Parallel distribution of the grid nodes in a strgotggioning strategy. Each
processor sends and receives messages of |éngihd has a computational load that
is proportional taV x N

The model used in this earlier work is based on the relation

T

parallel — Tcomp + Tcomm>

whereTy,,,, is the computational time on the slowest processoriapg,, is the total
parallel overhead, primarily due to inter-processor comications. The calculation
of T¢..m, IS relatively straightforward since it simply requires #seecution of a prop-
erly scaled problem on a single processor: the precise diimes of the problem
solved on each processor in the parallel implementatiomeatained for the se-
guential solve in order to obtain an accurate valu€erfgy,,. This provides the same
memory access and contention patterns, relating to caathenatticore effects for
example, as those experienced in the parallel runs.



The calculation of/;,,,,, is rather more complex than that féy,,,,, however. The
methodology proposed in [2, 3] is based on a limited sequehparallel runs across
a limited number of parallel resources. The overhead medsur these parallel runs
is used to extrapolate information for the overhead exjgeatieen a larger number
of processor are used. The comparison of the parallel timessuared with respect
to those predicted shows a high accuracy (an error below 1@%&ach combination
of parallel architecture and numerical code used. In ouenework [4], we have
exploited this methodology for predicting the performaontea parallel engineering
multi-level numerical code. Also in this situation an epéation of the parallel over-
head based upon a few runs of the code on a small number ofgsrsenas shown
its reliability.

This reliability has been confirmed for a number of differentles based upon
the multilevel solution of discretized partial differestiequations (PDES) [2, 3, 4],
with each code involving slightly different parallel imphentations. In each case
however, the partitioning strategy used is based upon gngupgether consecutive
rows as illustrated in Figure 1. The differences in the parahplementations tend
to come about at the interface between subdomains where thay be additional
“ghost” rows in order to reduce the frequency of communarathut at the expense
of some additional computational work per processor. Ia Work we have focused
exclusively on a single software implementation in the finstance (the code:1 in
[2]) which also allows the partition of the computationalshento blocks as well as
strips. This is illustrated in Figure 2 for a partition intd subdomains. The figure also
seeks to illustrate the use of ghost rows within the cede where each subdomain
is augmented by a ghost column and a ghost row for each offitadg@t and above-
below neighbours respectively.

Note that the use of ghost rows means that slightly diffegemintities of compu-
tational work are assigned to each processor dependingtbhpguartitioning strategy
that is used. For example, as shown in Figures 2 and 3, even thieeblock sizes
are the same, having different numbers of neighbours cam raeahfferent amount
of computational work per processor and a different maxinamount of work per
processor in particular.

The model described in our previous work, for b@th,,, and7 ..., is no longer
sufficient for predicting the performance of these more gansumerical codes for
which different partitioning strategies, such as blocktiganing, are implemented
in order to improve the performance of the parallel run. Hasvestarting from our
previous work it is possible to obtain a model that can adelyaescribe the commu-
nication patterns for different parallel block partitiogistrategies, as demonstrated in
the following sections.
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Figure 2: Parallel distribution of the grid nodes in a bloektfiioning strategy. Each
computational node lies at the vertices of the grid howewerdashed lines represent
additional ghost rows or columns added for efficient parathglementation. Each
internal block in the partition has two ghost rows and twoggltemlumns in addition
to its internal unknowns, see the two diagrams at the to¢casocs = 12, npa = 4,
npb = 3). The diagram at the bottom represents the computatiortahdren the code
is implemented on a single processepfocs = 1) for which no ghost lines are used.

4 ThePredictive M oddl

We describe a model for predicting the performance of panalhs of multigrid codes
when used to solve a large “target” problem acregprocessors. This target prob-
lem is defined on a rectangular computational mesh of diransj x N,, together
with a given homogeneous “block” distribution of the congdidnal domain across
the available processors. In particular, we consider thehne be mapped ontap
processors as a bi-dimensional guigl, x np,, with

N, N
NPq npb’

see Figures 2 and 3. As in these figures, in the following weheseotatior(npa, npb)
to indicate the case where a gridmgi, x np, processors is used to partition the com-

np = NpPq * NPb;
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Figure 3: Parallel distribution of the computational woidt@ss a grids x 2 of 12
processors. Note that the partitioning strategy has clthfigm that of Figure 2 even
though the number of processors is unchanged.

putational mesh.

Following our previous work, [2, 3, 4], the first assumptibattwe make is that the
parallel solution time (omp processors) may be represented as

T = Tcomp + Tcomm' (1)

In (1), Tt,m, represents the computational time for a problem of @Eex N, on
a single processor (whe®¥, = &= and N, = n%), andT.,,,., represents all of

the parallel overheads (primarilynJue to inter-processonmunications). The exact
shape of the computational domain per processor may vagesgibed in the pre-
vious section, with respect to the partitioning strateggdusThe MPI parallel code
ml (see [2] for details) has a computational work on each imtepnocessor (i.e.
each processor which has an interior subdomain mappedttatt)s proportional to
(ﬁa +2) x (]AV;, + 2), as shown in Figure 2. However, when only a single proces-
sor is used the equivalent computational mesh is of dimensjox N,. The task of
estimating!,,,, reliably is complicated somewhat by this observation (carag to

[2, 3] for example) and so a more general approach is coresider

The computational time is now assumed to be equal to thatiated with a so-
lution on a(2, 2) processor grid, where the size of the problem is scaled ih sy
that each processor in th{e, 2) grid solves on a computational mesh of dimension
N, x N,. In this way we consider each combination of one ghost row wite ghost
column as arises in a general parallel partition, see Figui®ur approach is not to
seek to measurg.,,,,, explicitly, but instead to determine it implicitly as an egpsion
involving the measured parallel tin{é, ,)), across th&2, 2) partition, through the




relation
T(2,2) = Tcomp + Tcomm(2,2)

(see below for further details).

The communication phase consists of a sequence of sendeegides between
neighbouring processors through the use of the MPI libiflyen non-blocking com-
munications are used exclusively, a theoretical full aygping of the communications
between processors of the same row and of the same columpested. T, IS
then equal to the largest overhead time measured betweeessas in the same row
and those in the same column. We assess that these overlepatsldipon the num-
ber of processors in the same row and in the same column,ctesge This is a
reasonable assessment due to the fact that, as describedpresious work [3], the
overhead in a strip partition, where the processors are inglescolumn (or row),
depends upon to the number of processors usedILgt. np.,1), ANAT Lomm(1,npy):
be the overhead times measured on the strip of procegsaysl ), and in the column
(1, npy), respectively. Then, based upon the previous argument wé&hvinave

Tcomm = maX(Tcomm(npa,1)> Tcomm(l,npb))- (2)

We remark however that equation (2) is not valid for real spdeecause there
is some asynchrony in the communication: both the complefithe code and the
access of memory induces an asynchronous term for the dlapsehead time. The
expression that represents this additional term, whichevete ad 'z xrr4, depends
upon the particular code being used. The next assumptioméhanake however is
that this term is equal to that measured for (Be2) grid of processors, where each

processor solves on @y, x N, computational mesh. We then have that
T22) = Teomp + Texrra + MaX(Teomm(2,1)s Teomm(1,2))s
hence the resulting expression B¢ x g4 IS
TpxTRA = T(2,2) - Tcomp - maX(Tcomm(Q,l)a Tcomm(1,2))- (3)
Now, for the target problem on tHep,, nps) grid of processors, we have
Teomm = Texrra + MaX(Toomm(npa,1)s Leomm(1,npy)) (4)
Hence using (1), (4) and (3)

T Tcomp + TEXTRA + maX(Tcomm(npa,1)7 Tcomm(l,npb))
T(2,2) + maX(Tcomm(npa,l)u comm(l,npb)) - maX(Tcomm(Q,l)a Tcomm(1,2))
T(2,2) + maX(Tcomm(npa,l) - Tcomm(?,l)a Tcomm(l,npb) - Tcomm(1,2))

Tio,2) + max(Tnp, 1) — T2.1)s Tanpy) — T1.2))

Q I

Finally we have
T~ T(2,2) + maX(Tm Tb)> (5)



WhereTa = T(npa,l) — T(271) andTb = T(anb) — T(Lg).
Based upon the evidence of [4] both overhe&gdandT, are assumed to satisfy a
relation of the following type:

Ty = a(np,) +v(npa) - work; (6)
Ty = a(npy) + v(nps) - work. (7)

In (6), (7) the termwork is used to represent the problem size on each processor at
the finest level which can be expressed in MBytes of the memeayyired since the
computational work is proportional to the mesh size for atigutl implementation.
Also note that the length of the messages (that,ior the grid(np,, 1) or N, for the

grid (1, np,)) does not appear in this formula since it is assumed that ¢iven size

of target problem (e.g. a mesh of dimensip x N, and a partition of dimension

np, X npy) the size of the messages is knoavpriori.

Furthermore, following [4], we assume that the followintatens are valid:

a(np) = c+ dlogy(np) + elogy(np)?, (8)
~v(np) =~ constant 9)

This assumption is discussed in detail in [4], where onlyipans by strips are consid-
ered. In practice, in order to evaluate the parametdrsand~y, we use measurements
taken fornp = 4, 8,16 and posery = «(16); whilst ¢, d ande are obtained using a
simple linear fit through the three data poit@s«(4)), (3, «(8)) and(4, a(16)).

A summary of the overall predictive methodology is providedthe following
steps. We define a8, x N, and(np,, np,) the target problem size and target grid of
processors respectively (i.e. we wish to predict a code®pwance for these values).
Also, Ietﬁa = N,/npa and]AV;, = N,/npy, and defineﬁa X ]AV; to be the size of
problem (not considering the ghost rows) on each processbeitarget configuration.

1. Run the code on &, 2) grid with a fine grid of dimensio2N,) x (2V,) and
collect the parallel timé7, 5).

2. Run the code on the gridsp, 1) with np = 2,4, 8,16 processors, with a fine
grid of dimension(np x %) X ]Vb forl = 1,2,4. Define aswork the memory
allocated in each processor. In each case collect the glatiafie 7{,,, ;) and
then computél,,,- 1y — T(2,1) With np* = 4,8,16. Similar steps are computed
to collectT{y ,,p+) — 1{1,2), With np* = 4,8, 16.

3. Fit a straight line (using a least squares fit), as in Eqofg§Y) (for each choice
of np = np*), through the data collected in step 2 in order to estimaie*)
and~y(np*) for bothT, andT;.

4. Fit a straight line, as in Eq. (8), through the poi@s«a(4)), (3, «(8)) and
4,a(16)) to estimater, d ande based upon Eq. (8): now compui€np) for
the required choice oip.



5. Use the model in Eg. (6) to estimate the valued p{and use the model in
Eqg. (7) to estimatd}) for the required choice ofp (using the values(np) =
v(16) anda(np) determined in steps 3 and 4 respectively).

6. Determinenax(7,,7T;) from step 5 and combine with, ,) (determined in step
1) to estimatd as in EqQ. (5).

5 Numerical Results

The model described in the previous section is now used wigirthe performance
of the multigrid numerical code m1 [2], running on two ditet clusters of the White
Rose Grid [13] environment.

e Cluster A is a cluster of 128 dual processor nodes, each asead 2.2 or
2.4GHz Intel Xeon processors with 2GBytes of memory and 5B2df L2
cache. Myrinet switching is used in the tests to connect tdues.

e Cluster B is a cluster of 87 Sun microsystem dual processoDAlddes, each
formed by two dual core 2.0GHz processors. Each oBthe 4 = 348 batched
processors has L2 cache memory of size 512KB and access &8 phys-
ical memory. Again, Myrinet switching is used.

A selection of typical test results, using Clusters A and 8, shown in Tables 1
and 2, respectively. The first three columns of both tablesrilee the target prob-
lem: the total number of processors, the grid of processarstion geometry, and the
overall problem sizeéV, x N,. The fourth column shows the memory required by each
processor associated with each target problem: we use 2G8uster A and 1GB
for Cluster B. Using the methodology described in the prasisection, we predict
the code’s performance for each of these target configumstibhe actual measured
times once the target problems are run, the predicted tineb#ha resulting errors are
then listed in the last three columns of each table.

These results show a very accurate and robust predictidmresipect to each of:
the target problem size, the target number of processadatiyet partition and the
parallel architecture used. In fact the methodology cardéhe performance of the
multigrid code with an error below0% for all the numerical tests considered. This
level of accuracy is certainly sufficient to be able to guideidions as to the schedul-
ing of parallel jobs on available resources, although it matyalways be sufficient to
allow the optimal decomposition to be predicted. Specifjcalthen there is little to
choose between the efficiency of different partitions, aaresf up to10% could lead
to slightly a sub-optimal partition being selected. Higimigippropriate partitions will
always come out worse in the computational model however.



Table 1: Measurements and predictions for Cluster A (botitepiin seconds)

np | (npa, nps) size mem. per proc| meas. | predict.| |[error]|
64 (8,8) 65536 x 32768 1GB 378.36| 358.89| 5.1%
64| (4,16) 32768 x 65536 1GB 370.16| 353.57| 4.5%
64| (2,32) 16384 x 131072 1GB 315.82| 320.05| 1.3%
32| (8,4) 65536 x 16384 1GB 372.94| 358.89| 3.7%
32 (4,8) 16384 x 65536 1GB 373.11| 353.57| 5.2%

Table 2: Measurements and predictions for Cluster B (botiieguin seconds)

np | (npa, nps) size mem. per proc| meas. | predict. | |lerror||
128| (16,38) 131072 x 65536 2GB 522.83| 519.81| 0.58%
128| (8,16) 65536 x 131072 2GB 493.71| 506.43| 2.6%
128| (32,4) 262144 x 32768 2GB 533.86| 504.85| 7.9%
128| (4,32) | 32768 x 262144 2GB 512.18| 507.28 | 0.96%
64 (8,8) 65536 x 65536 2GB 510.59| 506.43| 0.81%
64 (16,4) 131072 x 32768 2GB 478.07| 519.81| 8.7%
64 (4,16) 32768 x 131072 2GB 507.28| 474.76| 6.4%
64 (32,2) 262144 x 16384 2GB 564.54| 533.86| 5.4%
64 (2,32) 16384 x 262144 2GB 534.80| 496.75| 7.1%
32 (8,4) 65536 x 32768 2GB 481.36| 506.43| 5.2%
32 (4,8) 32768 x 65536 2GB 507.28| 495.66| 2.3%

6 Discussion

In this paper we have proposed a simple methodology for gtiadithe performance

of parallel multigrid codes across different parallel aetiures based upon distributed
memory. The philosophy upon which our methodology is bas&mproduce a general
empirical model that involves a minimal number of paranstand then to determine
appropriate values for these parameters for any given gmatibn of code, partition
and hardware resources. These parameter values are detdipaised upon the char-
acteristics of the code when it is executed on much smallerbeus of processors
than are ultimately required. This allows resources thatrent currently available
to be reserved for future execution based upon the predirted. Results presented
in the previous section demonstrate that the methodolobgtis robust and accurate
across the two parallel architectures considered, as welbping satisfactorily with
different partitioning strategies and different probleizes, at least for the multigrid
code so far considered.

Although the results presented in this work are encouraging clear that when
the elapsed times for different partitioning strategies\ary close the methodology
is unable to predict these differences reliably. The immtediuture work that we pro-
pose is to test the methodology on a broader selection osdodessess the generality
of our approach to wider classes of partitioning strategy/@arallel software.
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Figure 4: Example of a computational grid for a target probleith a (np,, npy)
partition and an equivalent sized problem for {Be2) processor grid, as used in the
predictive methodology. Note that each of the processob®ih problems have the

same work except for the variation in the number of ghost raméscolumns.
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