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Abstract

This paper investigates the adaptive solution of linear elas-
tic structural analysis problems through re-positioning of
the finite element nodal points (r-refinement) using an ap-
proach known as the Moving Finite Element method. After
a brief introduction to the Moving Finite Element method it
is proved that this technique can yield optimal finite element
solutions on optimal meshes in the energy norm associated
with this problem. Following this there is a discussion of
the practical applications of this result in the development
of adaptive software, where it is proposed that a combina-
tion of r-refinement followed by local h-refinement is likely
to be most beneficial. A small number of illustrative exam-
ples are included.

1 Introduction

The problem of attempting to find an optimal finite element
mesh for performing structural analysis has been considered
by numerous authors over the past 20 years or so (see [5],
{8], [9] or [23] for example). Many possible approaches have
been considered, including methods based on energy min-
imization (such as [8]) and others based upon geometric
considerations (such as [5]). In addition numerous differ-
ent remeshing techniques have also been considered, based
upon either h-refinement ([25]), where extra mesh points are
added locally, or r-refinement ([5]), where a fixed number
of mesh points are redistributed over the computational do-
main. Other forms of adaptive analysis have also been con-
sidered, such as p-refinement for example (where the degree
of the finite element approximation is allowed to increase
to obtain higher accuracy, [4]), or various combinations of
these. In all cases however the general aim is to improve the
quality of the finite element approximation space so as to
allow accurate solutions to be reliably found at the lowest
possibly computational expense.

In this paper we will consider a remeshing technique
based upon the use of r-refinement, with a fixed number of
degrees of freedom. The approach that we follow is slightly
different to most of the papers cited above since this work
is motivated primarily by an analysis ([13], [14]) of a finite
element technique that was originally intended for use with
transient problems, known as the Moving Finite Element
method, due to Miller et al([10], [18] and [19]). This method
has been applied to a wide variety of time-dependent prob-
lems of both hyperbolic (e.g. [2]) and parabolic (e.g. {16})
nature. The idea behind it, which is explained in more de-
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tail in section 2 below, is to produce a finite element scheme
in which the mesh deforms continuously with time as the
solution evolves. In this work, we obtain solutions to elas-
tostatic structural analysis problems through the use of ar-
tificial time-stepping in such a way that the final solution
obtained turns out to be an optimal finite element solution
on an optimal mesh.

A general form for the usual elastostatic equations of
linear elasticity, representing a small displacement, u(z), of
a (possibly inhomogeneous) structure initially occupying a
domain @, may be expressed in Cartesian tensor notation
as

5o Cune o) = b, (L)
where p(z) is the mass density, b(z) is an external body
force and Cjjke(z) are the components of the fourth order
elasticity tensor. The usual summation convention for re-
peated suffices is employed both here and throughout the
rest of the paper, and the elasticity tensor is assumed to

have the following symmetries:
Cijke = Crtij = Ciine = Cijer - (1.2)

Typical boundary conditions associated with this problem
are either displacement conditions, of the form

U; = d,‘ ) (1.3)
or traction conditions, of the form
duy
njc,'jkga—ml =n;0y = 9;, (1.4)

or some combination of these on disjoint portions 84 and 9y
of the boundary 8. Further details of these equations or
boundary conditions may be found in many standard texts,
such as [17, chapter 4] for example.

It is well known (see [12, section 5.6) for example) that a
Galerkin finite element approximation to the solution, u(z),
of this problem on a given mesh yields a best possible ap-
proximation to the true solution on this given mesh in the
energy norm

dug duj Su 3
. 1l e+ 5
Il = 5/9 5 Cupe— 5 dV =

1 1
ELeijC,'jkgékl dV = 5./§2€ijaij av , (1.5)

where 0;; and ¢;; are the coefficients of the stress and strain

tensors respectively. Another way of expressing this is to
say that the finite element solution, uP say, is such that

(1.6)

Lk i -
le—w'lle = infllu-2ls,



where § is. the finite element approximation space on the
given mesh. That is, the finite element solution is the best
possible in terms of the energy norm.

In section 3 of this paper we prove that when the r-
refinement approach that is proposed here is applied to the
problem (1.1) using artificial time-stepping, then under cer-
tain hypotheses it is possible to obtain not only the best
finite element solution on a given mesh but also the best
possible mesh itself, measured in the energy norm (1.5). In
section 4 we give some simple numerical examples and con-
sider the significance of this result in terms of its application
to practical software for adaptive structural analysis prob-
lems. The paper ends with a brief discussion.

2 The Moving Finite Element Me-
thod

As briefly outlined in section 1, one strategy for adaptively
solving problem (1.1) is to introduce an artificial time pa-
rameter, T say, and solve the parabolic problem

du;

o - bt

Juy

[Cukl a

] (2.1)

on a continuously deforming spatial mesh. Of course in
practice the solution will be determined by taking a finite
number of discrete “time”-steps and so the solution process
itself is not actually that different from a more conventional
adaptive strategy involving numerous solution/remeshing
iterations, although the underlying philosophy is rather dif-
ferent.

In this section we concentrate on the solution of (2.1)
using the Moving Finite Element (MFE) method [3,19]. In
the first subsection the MFE method is derived for a more
simple linear parabolic problem than (2.1). Section 2.2 then
extends this approach to the modified linear elasticity equa-
tions of (2.1) in the presence of simple displacement bound-
ary conditions. The affects of more complicated displace-
ment and traction boundary conditions are briefly outlined
in section 2.3.

2.1 A Simple Example Problem

In this subsection we give a brief outline of the Moving Fi-
nite Element method and how it may be used to solve the
following linear evolution equation:

du
-é-t-( ,t) = b(z) + _[cu(z) ( t)]’

Ve € QC R and t € (0,T).

Here we will take d = 2 and will assume that the matrix
C(z) is differentiable, symmetric and strictly positive defi-
nite. For simplicity we will also assume that the domain Q
is fixed, that its boundary 89 is polygonal and that on this
boundary the solution satisfies the homogeneous Dirichlet
condition

(2.2)

PN 0. (2.3)

(It is straightforward to demonstrate existence and unique-
ness of a classical solution of (2.2) in this case provided the
boundary has no problematic corners (see [11, section 6.3]
for example).)
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In order to proceed it will be helpful to introduce some
notation. It is possible to discretize  into a set of non-
overlapping triangles which can be uniquely specified as a
mesh M = (s,C), where

8= (31, (2.4)

9 SNISN+1» --"£N+B)

is an ordered set of the position vectors of the vertices of the
mesh (N interior points and B points on the boundary), and
C is a list of all of the edges. The MFE method seeks to ap-
proximate u(g,t), the solution of (2.2), by a time-dependent
piecewise linear function, u” say, defined on a mesh of trian-
gles M(t) = (s(¢),C) covering the spatial domain Q. As has
been indicated, this mesh is allowed to deform smoothly in
time by allowing the positions of the internal knot points,
81(t),...,8n(t), to be time-dependent. Their connectivity C
remains fixed however.

Because C is kept fixed throughout we will generally refer
to a mesh M(¢) = (s(t),C) only by the ordered set s(t) for
notational convenience. Given that this is the case we can

write our approximation u” in the form
N
uh(ﬂ,t) = E am(t)am(.@.’é(t)) ’ (2'5)
m=1

where ., is the usual continuous piecewise linear “hat” ba-
sis function on the mesh s(t):

am(in(t),ﬁ(t)) = bmn , m=1,..,

The sum only goes from 1 to N because of the homogeneous
Dirichlet boundary conditions on 99.

In order to obtain this approximation to u(z,t) we need
to find values for the unknowns a,(2), s,(2), vy an(t), sn(t).
The Moving Finite Element method does this by producing
a weak or variational form of (2.2) for which the trial so-
lution u* takes the form of (2 5) and the test space is the
space in which the function 2% - * lies at each instant in time.
In order to determine this space we differentiate (2.5) with
respect to time to give

ouh

W Z am(t)am(_a—(t))

m—l

Z a’mam + Z am_V_,am . d—é 3
m=1 = dt

(2.6)

where the second term arises due to the time-dependence of
each a; through the time-dependence of the mesh 8, and the
gradient operator V, applies to the s variables only. Hence

out N . ds
w5 = Eamam+Luh-E
N
= Z amam + E -s-m *
m-l —m
= E(a’mam + §m /3 ) ’ (27)
m...
where § = = (8.9,,.1 ' 3e 2)T and the dot above a vari-

able denotes dlfferentla,tlon with respect to time.



Lemma 2.1

9 _ _ A
B,.= 95, amVu",
and hence
I3
Bma = a,,.g:d ford=1,2 (2.8)

Proof See [15].

Hence in order tohminimize the p.d.e. residual over all
possible choices of %‘t— the Moving Finite Element method
takes a weak form of (2.2) for which the test space is the

space spanned by the functions

{a1,B11, P12,

------ ) aN’ﬂleﬂI\m} .

The most straightforward weak form of this type is the sim-
ple generalization of the Galerkin method given formally by
the differential system

- cqazj sy Qn

o >=<b+ 9z
(2.9)

N
< Y (emom+dm-B,,

m=1

and

N i} du”
< E(émam + Qm 'é_m)s,ane >=<b + a_'[ct'j_]’ﬂne >
m=1 xg 3$j
(2.10)
~ for the unknowns a,(t),s,(t),...,an(t), sy(t), where the val-
ues of n € {1,..., N} and e € {1,2}. In the above notation

< -+ > represents the usual L? inner product on .

It should be noted at this point however that the second
of these sets of equations is not properly defined for a piece-
wise linear function u*(z,t), even in a distributional sense.
To overcome this difficulty it is necessary to express these
equations in a formally equivalent form which is well-defined
for such functions u®. This can be achieved by applying
the following integration by parts argument, similar to that
in [20], to the second order term on the right-hand-side of

(2.10):
0 ut  Jut
_/na—zi[c;ja;]an—z—e av

_/c“au" 2% + / ”3u"6a duh av
~ Ja Yoz; "8z az, 9z, 0z; 9z,
ouh 8 oub ouh 9 ouh
= 2/""‘ "{a ~ 92, 95, * 92, 0,00z, Y
duh da,, Buh

+/ i 9z, 02; 0z

(where the symmetry ¢;; = ¢;; has been used)

0 6u"6u out fa, Sut
2/ 55 g 02,1 ¢ L e bas Dan
0u duh ot da, 9ut
= =% Ja 93, 93, 7, seloncalav + [ i 5a; Das B
(2.11)

The last line of this expression is defined for piecewise linear
functions u* and so can be used in the definition of the

- Moving Finite Element equations (derived from (2.9) and
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(2.10)):
E / Aman dV ap + Z Z/ Bmdtin dV pma =
m=1 m=1d=1
ou* 8a
ban dV — / o Gaon .
/ a Ciig" az av (2.12)
and
Z / e dV i+ 30 3 / BrdBne AV my =
m=1d=1
out dut 8
b ne dV nw-s
/ h 2 6a:, az, [a ¢ii] 4V
' ouh da, dut
+</Oc”£j—37.'a—ze dVv (2.13)
for n = 1,..,N and e = 1,2. Note that the use of ho-

mogeneous Dirichlet boundary conditions has again simpli-
fied things by ensuring that there are no boundary integrals
present in these equations. Also, some authors prefer to
derive these equations in a slightly different manner, using
mollification or recovery methods to deal with the second
derivatives (see [7], [16] or [19] for example).

As has already been implied, the sets of equations (2.12)
and (2.13) are referred to as the Moving Finite Element
equations. They form a system of ordinary differential equa-
tions which may be written in the form

A(y)y = (2.14)

9y,

where
— T
_!L— (al’sll’3129 ’anlev'sN?) Y

= (o1, 11, P12,
A=<a, aT >

T
sON, ﬂNlaﬂN2) )

and g is the vector of right-hand-sides. The matrix A(y) is
often called the “MFE mass matrix” by analogy with the
usual Galerkin mass matrix.

Lemma 2.2 The matriz A(y) is positive semi-definite and
is singular if and only if the functions in the ordered set
a, defined above, form a linearly dependent set. Further,
such a linear dependence can occur if and only if the MFE
solution, u”, has a directional derivative which is continuous

at one or more of the knot points g,,...,SN-

Proof See [24].

It should be noted that even though (2.2) is linear, the
MFE semi-discretization yields a non-linear system of dif-
ferential equations (2.14). When the matrix A(y) in this
system is singular due to u* having a continuous directional
derivative at a knot point, the MFE solution will be de-
scribed as “degenerate”. Otherwise it will be said to be
“non-degenerate”, in which case A(y) is strictly positive def-
inite. ‘

The difficulties associated with degeneracy along with
the possibility of the area of one or more of the elements in
the mesh becoming non-positive as the knot points evolve
are often cited as two of the major drawbacks of the MFE
method. One approach to overcoming these difficulties is
to attempt to influence the nodal motion by using penalty
functions in the underlying minimization to which equations



(2.12) and (2.13) correspond. This is the approach of Miller
et al ([10], [18], [19]) and Mueller and Carey [21] for example.
However, much of the work of Baines et al (11}, 121, [3),
(16], [24]) suggests that the use of these awkward-to-handle
penalty functions may not always be necessary. No such
penalty functions will be considered in this paper.

2.2 Using MFE for Linear Elastic Struc-
tural Analysis

We now return to equation (2.1) for which we wish to obtain
a steady solution using the Moving Finite Element method.
This will then give a solution to the original problem (1.1),
hopefully on a high quality mesh. Following the approach
of subsection 2.1 we will again assume zero Dirichlet (dis-
placement) boundary conditions

zlop = 0

over the entire boundary Q. This choice of boundary condi-
tion is made in the first instance in order to keep the theory
that follows as simple and concise as possible (subsection
2.3 addresses the use of a wider variety of boundary condi-
tions). Also for simplicity we will again work in two space
dimensions and assume that our domain has a piecewise lin-

ear boundary. Hence, for i = 1,2, we seek an approximation

of the form
ul(z,7) = mzlam,(r)am(_,_(r)) ) (2.15)
where
3(7) = (81(7), s an(7)r 8N 4a(7), oo sn4B(T))  (2.16)

as before. Also, as in (2.6) and (2.7) we can easily deduce
that

out X dul
— = OmiCy + 8y, + —— 2.17
where, again using [15],
ij
a;i = —amVu!,
and so b ouh ;
: u; Uu; :
L= o= ford=1,2. 2.18
Bsmd @ azd or ( )

Here the dot above a variable denotes differentiation with
respect to the variable 7.

Now recall that the Moving Finite Element method seeks
to mmlmlze the residual of the p.d.e. (2.1) over all possible

choices of —'- by taking a weak form of the equation using
a test space that is spanned by the functions

{ dul dub dul  ul
Qy, ——, = .. Ny —— ——
" 9811’ 8512 "0sny’ Osng

for ¢ = 1,2. This leads to the following differentia.l system:

dul

92 ke, >

(2.19)

< Z(am.am-l- ) a, >=< pb; + [C.,u

m=1

dul
™ B
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fori=1,2and n=1,..,N, and

N h
du;
< Amiam + 3 ) >=
"gl( m * a ) asne
dul 6uf‘
< pb.+ [C,,,,( 72 l] B >
(2.20)

forn=1,..,N and e = 1,2.

As with equation (2.10) it is again the case that the
second order term on the right-hand-side of (2.20) is not
properly defined when u’ ( ,7) is piecewise linear. Thus,
we need to express this as a formally equivalent expression
which is well-defined. By noting that

/] 3u2 8u£‘
A bz, ikt g, Jon g, 4V

e

dul ?ub u} da,, Qul
1 ny  oa ——dV / i —’—_
/C”“ B2 " os00, ¥ C”“ 9z¢ 03, 0s. °
dul 9 0u Bu dul
2/“" ""‘[a 52,50 5 9z, o=, ( ki
e i
Buk dan dul
* /nc" 9z, 93, Ba.
where the symmetry C;;pe = Ciyi; has been used
7] 7]
1 dul gul ul aa,,au
e w+ [
2 @C oz, [03: dz, Bae WVt Jy Cim O0zy Oz; oz,
dul Buk 7]
) 62 6:::,3 3z, 12nCiikd] AV
dul da, 8u,
+ / ,Jkga (az'] az dv, (2.21)

we may obtain the following definition of the Moving Finite
Element equations for solving (2.1):

z/ama,,dVam.+ zz/ a,,dV.s,,,d_
m=1 m=1d=1
dup da,,
/ pbian dV — / c,,k,—ﬁ % gy (2.22)
Oz, Ox;
fori=1,2and n=1,..,N, and
dul gul
uf dV i / av =
Z/am a +”;l:; as,,,,,as,.c Sma
au au,, a3
) o) 32:] 3:::; oz, 3z, [onCisnd AV

3uk day, au
Ozy Ox; 01,

+ / L e

N and e = 1,2.

Once again these equations may be written as an ordi-
nary differential system in matrix form as

A(Pi(r) = g(y) ,

(2.23)

forn=1,..,

(2.24)
where this time

T
y@N1,AN2, SN1, sNZ) 3

= (au, @12, 311, 812,



oul out out  ut
a; = (a1,0, %, —L ... an,0,—L T4
1= (o 8311’ 9315 Rl P 38N2) ’
dul Gut dul  9uh
= (0, L yan, —= —23T
23 ( 1’6 681 ! N 38N1’38N2)

A=<apa] >+ <ol >
and g(y) is another known right-hand-side vector.
Lemma 2.3 The matriz A(y) in (2.24) is positive 887711-

definite and is singular if and only if the MFE solution, y*,
has a directional derivative which is continuous at one or

more of the knot points sy, ...,sx.
Proof Note that
Ou; T. . T
oy - %y = ga

Hence for any choice of the vector  we have

0</(a—g}:)2dV = /'T aTyav

—Ja or ol %ty
i <anel >y = iy

so A is indeed positive semi-definite (it can easily be shown

to be symmetric).

Now observe that A is singular if and only if there is
some vector §(# 0) such that - a" = 0. That is, y = 0 for
both i =1 and i = 2. However y @, can be zero (for §#0)
if and only if some directional derivative of u; is continuous
at one or more of the nodes s,(7),...,sx(7). Hence 4 is sin-

gular if and only if there is at least one node for which the
same directional derivative of both u, and u, is continuous.

/11

Again we will refer to the matrix A(y) as the “MFE mass
matrix” and we will also refer to u* a,s_being “degenerate”
or “non-degenerate” depending on whether A(y) is singular
or not respectively.

By solving the system of equations (2.24) for the un-
known knot positions, s(7), and the unknown nodal ampli-
tudes, (a4(7),...,an(7)), it is possible to find both the mesh
and the solution for each value of the parameter 7. When a
steady state is reached with respect to changes in this pa-
rameter, we will have obtained both a mesh and a solution
for the original problem of interest (1.1).

2.3 A Wider Selection of Boundary Con-
ditions

In the previous subsection it is demonstrated how the Mov-
ing Finite Element method can be applied to the solution
of equation (2.1), thus leading to a solution of the elasto-
static problem (1.1) on an adapted mesh. For the purposes
of simplicity the approach considered above assumes the ex-
istence of homogeneous Dirichlet (displacement) boundary
conditions everywhere on 9 and also fixes the location of
all of the finite element node points which lie on this domain
boundary. Such restrictions are not in fact necessary and
the method is quite capable of dealing with any physical
boundary conditions of the form (1.3) or (1.4) on different
regions of 3. Moreover, it is also possible to allow the
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constrained motion of boundary node points provided they
lie within affine regions of the boundary (and so can move
along the boundary without distorting the geometry of the
domain).

For example, suppose we have traction conditions, (1.4),
on some subset, 95 say, of Q. If we do not wish to allow
the motion of any of the node points that lie on Q then
the only additional degrees of freedom that are added to the
problem are the displacements at those nodes lying in J.
Let these nodes be numbered N +1,..., N+ A (where A < B
and B is defined as in (2.4) and (2.16)). The Moving Finite
Element Equations, (2.22) and (2.23), then become

N+A
/amandV Ami + ZE/ a,.dV $md =
m=1d=1 ds Smd
oul 8oy, /
n 1 10n d
/pba v - /C”“ax 5. 4V + [ tian ds
fori=1,2and n=1,...,N + A4, and
N+A auh au
m ‘ dV mi / —t av m =
E / * @ +mz—1§ asmdasne s ¢
dul Buk
b; dV — — nCiike] AV
/ p as,,e 2 o 3, 9z, 9z, “nCikd
dul da,, dul
b 228 gy
+/n Moz, 0z; Oz,

for n = 1,...,N and e = 1,2. These equations. can now be
written as a differential system which takes the same form
as (2.24) and solved accordingly.

To end this section we illustrate how constrained motion
of boundary nodes can be incorporated into the method.
Suppose for example that the region 8y is a subset of a
straight line segment of the boundary whose tangential di-
rection is given by the unit vector i (in a counter-clockwise

_sense). Then we may allow each of the nodes numbered

N +1,..,N + A to move in this direction, i.e. we can allow
8 =38itfori= N+1,..,N + A. This means that expression
(2.17) becomes

N+A N+A
au z aimam + Z ﬁm a— + Z sm(t gl)
m=1 m=1 —m m=N+1 Zm

and so the Moving Finite Element equations (2.22) and
(2.23) become

N+A

Z / Om0tp AV ami + E Z/ a,, AV $mat
m=1d=1 a Smd
NtA
/(t —)an dv 3, =
m—N+1
dul da
b; dV—/C--—" " 4y /e~ ds
./np iQn A uklazt 9z; + 5% iQn
fori=1,2andn=1,..,.N + 4,
N+A dut oul 9
/am hl ut Oul Ly b
m=1 m=1d=1
N+A au
i- LdV 5, =
+ /( 63 )8

m=N+1



Oul gul
t dV _ = hfiad 3
2 311 Ba:l Oz, [a,. Cijue] 4V
dup da, dul
+./ "klax Oz; 9z, 7. &V
forn=1,..,N and e = 1,2, and
N+A duh
3 /am(t o) AV iomi
m=l
> i
+ L) dv m
m=1d=1 a"md 03n )V Sma
N+A
é
/(t ——-)(t A
m-—N+1 a
1 ould
/_ Z[ancukl]la_uk av

8a,.

(’)u
+ / Cukl k

forn=N+1,..,N + A.

Clearly there are many other combinations of bound-
ary conditions and node motion constraints that could be
considered but as is illustrated here they will not particu-
larly effect the underlying nature of the equations that must
be solved. For this reason the theory that is developed
in the following section is presented only for the simplest
case of fixed, zero displacement boundary conditions, (2.3),
with (2.24) being the corresponding Moving Finite Element
equations. Extensions to cases where there are constrained
motions of boundary nodes and/or traction boundary con-
ditions are straightforward.

(e .Yy dv — / B;0n(i- Yul) ds

3 An Optimal Mesh Using the MFE
Method

In this section we demonstrate that if the Moving Finite
Element method is applied to equation (2.1) in the manner
described in subsection 2.2, then it is possible to obtain a
steady solution of the MFE equations (2.24) which corre-
sponds to an optimal finite element solution of (1.1) on an
optimal mesh in the energy norm (1.5). As with subsection
2.2 we will assume here that the boundary conditions as-
sociated with (1.1) are zero displacement conditions of the
form
ulon=0.

Again this is only for the sake of clarity and all of the theory
that we cover in this section can be extended to include more
general displacement conditions as well as traction bound-
ary conditions such as those of (1.4).

We begin by defining the following energy functional

ae. 38)‘

av
Q Oz; 0z,

E(e) = 2 7 Cijker— (3.1)

and noting that due to the symmetries present in the elas-
ticity tensor (1.2),

E(e) =|lellk

where || - ||z is defined in (1.5). The main result of this
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section is to show that any stable, steady solution, y say,
of (2.24) corresponds to a finite element function w* such
that the error, ¢ = l—g", is a local minimizer of the energy
functional E(e) over all choices of the mesh as well as over
all finite element functions on that mesh.

In order to prove this result it will be helpful first to es-
tablish some more notation and then to prove a preliminary
lemma.

¢ Suppose n € {1,...,N} is the number of an internal
node of a triangulation of the domain Q. Then we
will denote by N(n) the number of elements in the
triangulation that have this node as a vertex. Fur-
ther, for ¢t = 1,...,N(n), let T(n,t) be a unique or-
dering of these N(n) elements which have a vertex at
Sny let Qr( ) be the region occupied by the triangle
numbered T'(n,t) and let Ag(,; be the area of this
region.

Given any triangle within a finite element mesh we
may represent the vertices of that triangle by a local
numbering as 3y, 3; and §,.

We may also define a standard triangle, A, as the
triangle whose vertices are ¢q = (0,0)7, el = (1,0)
and e, = (0,1)7.

Now define a mapping from an arbitrary element of a
triangulation onto that standard triangle by

Y

p=0

&(z,8) a,(z,s) (3.2)

where é,(z,s) is the usual linear basis function (but
with a local numbering corresponding to a particular
triangle) such that &,(s,,s) = §,,, for p,v € {0,1,2}.

The inverse of this mapping is

~

(3.3)

where the @,(£) are the piecewise linear basis func-
tions on the standard triangle such that a,(e,) = 6,,
(Note that auf) = &“(g(g_,g),g).)

Lemma 3.1 Given a triangle with vertices 3,, 3;, 3, and
area A($8p,3;,38;), then
dé,
oz,

0A

= A
93y,

for v € {0,1,2} and e € {1,2}.

Proof Without loss of generality consider the case v = 0.
Because each of &g, &; and @3 are area coordinates we know
that

&O(.@) = A(.@)él)ﬁZ)/A(éo,QDQQ) ‘ (34)

Moreover, since &g is affine we know that g—‘:g- is independent
of z and so from (3.4) -aa—A(;g,gl,&) must be independent

of z. This implies that 53—

A(Qo,él,gz) must be independent
of 3, and therefore that '

s . o ... . .
z,81,8;) = _630 A(39,3;,3;) -
e

oz,



Hence

89:, 330,

Since this argument is valid for any choice of v € {0,1,2},
the result is proved. ///

We are now in a position to prove the following theorem.

Theorem 3.2 Let U(z) be the unique steady solution of
(2.1) subject to homogeneous Dirichlet boundary conditions
on N (i.e. the unique solution of (1.1) subject to these
boundary conditions — see [6, section 2.2] for a proof that
such a function ezists). Also let

N

> an(r)am(z,8(r))

m=1

wh(z,7) =

be a continuous piecewise linear approzimation to U(z) on
a mesh s(1) with N free internal knots 3,(7), ...,sn(7). Also
let

T
y = (@11, @12, 811, 812, +++-, GN1, GN2, SN1, SN2)

and I(y) = E(g) where E is defined by (3.1) with ¢ = [~y
Then

Vi(y)=-9(») > (3.5)

for g(y) as in (2.24).

Proof We begin By observing, from (2.22) and (2.23), that
g(y) consists of the following components:

/ pbian dV / Ciinegr a“" ‘9""‘ (3.6)
fori=1,2andn=1,..,N, and
dul dut Buk
b; - = nC av
/n” Bone VT 3 ) 32, 92, 95,10 CH
dul da, Oul
Ci; —i av 3.7
+ [ Cingr ¢ 9z; 0z, (3.7)

forn = 1,...,N and e = 1,2. We now show that the com-
ponents of VI(y) are as claimed in (3.5) by demonstrating
that (3.6) is —-— —fori=1,2andn=1,..,N, and (3.7) is

—5—forn-—1 N and e = 1,2.

For the first of these two cases,

= ; 7 (Ug :)ngkt6ik?9_a3 av
_5/ '9?)0‘“09:1:1 (Uk — up) dV
= —/ ,gga"c,,u l(Uk““’I:) av
(using the symmetry Cgjke = Chegs)
= Z“"C,,k,% v - %CW% av
= Za"Cuklz v + / @ng— [C-JktaU:] av
- QZZ:C,,k,‘;:k v — /n anpb; dV (3.8)
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which is equal to -1 times (3.6) as required.
For the other case

81 1 8 A o A
o = 3900 /5 5, (U = W)Cuneg (Vs = uh) dV
1 0 314
‘2 as,, o) az,
"0 dut
" 88y Jn 6_21'
(using the symmetry Cijke = Chraij)

1 9 N ul

0u,,
- —C; av
238,., tz_: /OT(,, t) 31:, Jklt?

U

d
oo /n o 5o o s
L N

2 & 83,

- *pb; dV
83,.,/(1u'p !

0uk dV

1117 Ar e a

av

ijkt a_t.

) dv

/ D.JC.JI;((:C({,3))DI¢£I | d£

where on each triangle, T'(n,t), v is the lacal vertex number

corresponding to node n and Dy, represents the value of —1
restricted to this triangle (note that this value is 1ndepen-
dent of z since we are using piecewise linear finite elements)
Also noting that on each triangle, T'(n,t), the Jacobian, |d€ R

of the transformation (3.2) onto the standard triangle, A,
is simply 2A7(n;), We deduce that, ‘

1 N

o 2/{[D|J «Jlekllz

t=1
9Cijke
01

+Cukl

oI
035

AT(n y+

a_ﬂ
83,

(DtJDkl)]zAT(n t)} df

[DijDre

/ ulpb; dV
Q

sue

N (n) re
a

aC ik
+ [DtJDkl u] +

/ {[Du Cthl-D lcl] 3

8
CijkeDij— Fyy (77—

t—l
8u k

)

as,,,

+Dkl——( )]}2:47'(,.:) d¢

pb,- av

- / 935

(using lemma 3.1 and equation (3.3))

N(n)
- Z / {[D,,c.,uDH]

t=1

ac ukl.

+ [DsJDkl v] -

:Jkl[D (auDke)

'J 6
+Dk£5-'(avDie)]}2AT(ﬂ-¢) d§
Tj

ut
Q 03y,
(using equation (2.18))

pb; dV



= l%)/ {[a_":lc 3"2]00‘"
2 3 Ur(ney 0% ""‘az, oz,
2ok,

0z; 8z, 0Oz, o]
dul dul da,

—2C et Stk ny
oz, Bz, Bz_,-} 4

dul
- ——pb; dV
/n Bsn,p
(using the symmetry Ciike = Chraij)
1 [ 8uloul 8
= [ 22 G Cing) dV
2 Ja 9z 8z, az,(a Ciiee) d
dul oul da,
— bt ——L) JV
/nCUklaz, 314 azj }

dul
- /ﬂ St pbi dV (3.9)
ne

which is equal to -1 times (3.7) as required. 1//

The above theorem tells us that when we have obtained
a non-degenerate steady solution of the Moving Finite El-
ement Equations (2.24), and so 9(y) = 0, then we are also
at a stationary value of the functional I(y), which is equal
to the energy of the error U —uh In order to show that
this stationary point is in fact a local energy minimizer we
must also show that the Hessian of I is positive definite at
this point. This means that the Jacobian of 9(y), which by
(3.5) must be symmetric, must be shown to be negative def-
inite at such a steady solution of the Moving Finite Element
equations. This is done in the following proof.

Corollary 3.3 Any non-degenerate, asymptotically stable,
steady solution of the MFE equations (2.24) for solving the
problem (2.1) is an optimal finite element solution of the
elastostatic problem (1.1) on an optimal mesh in the energy
norm (1.5)

Proof Suppose Y, is such a non-degenerate, asymptotically
stable, steady solution of (2.24), then A(y,) is positive def-
inite (by lemma 2.3). Now take a small perturbation of
given by y_ + €Y,, so that (2.24) becomes

Yo

AYo + ey)@y + €iy) = (g, + ey,) -

Linearizing this about Y, gives

¥, =47y, Dg(y,) v,

where Dg(y,) is the Jacobian of g with respect to y eval-
uated at Y, Now, the asymptotic stability of ¥, implies
that all eigenvalues of the product A‘l(_%)Dg(go) must have
strictly negative real parts. Since A“(go) is strictly positive
definite we deduce that Dg(y,) must be strictly negative def-
inite and so, from (3.5), the Hessian of I(y) must be strictly
positive definite at Y, as required. ///

The outcome of this therefore means that if we apply the
approach outlined in subsection 2.2 to solving the problem
(1.1), then any steady solution of (2.24) that we obtain will
be locally optimal on an optimal mesh in the energy norm
(1.5).
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4 Practical Application of the MFE
Method in Structural Analysis

As with subsection 2.2, the results of the previous section
may easily be generalized to a wider variety of boundary
conditions. In particular the result showing how the Moving
Finite Element method can lead to a best free-knot linear
spline approximation to the solution of (1.1) also holds in
conjunction with traction boundary conditions of the form
(1.4). Before we demonstrate this computationally however
we consider a simple, although rather artificial, example
which has a known solution with which we may compare
our computed solution in order to verify the result of theo-
rem 3.2 and its corollary.

In this first example the domain, Q, is (0, 1) x (0,1) and
the elasticity tensor, C, corresponds to an isotropic material
with Young’s modulus £ = 100 and Poisson ratio » = 0.001.
The values of pb;(z) and pby(z) in (1.1) are chosen so as to
obtain the exact solution '

ur(z) = ua(z) = 6423(1 — 21)23(1 — z3)

which satisfies the zero displacement boundary condition ev-
erywhere on @Q. Figure 1 shows the initial and final meshes
when a solution to this problem was computed using the
Moving Finite Element method and table 1 shows the final
values of all of the degrees of freedom (node positions, s;,
and displacements, g;, for i = 1,...,25). Once these values
were obtained we used the NAG library minimization rou-

a;
(1.3550871, 1.3550871)
(0.18986173,0.19742885)
(1.2750743,1.2750743)
(0.19742885,0.18986173)
(1.0431178,1.0431178)
(12403749, 1.2463933)
(1.2843933,1.2818275)
(1.3733659, 1.3733659)

i
(0.69364970,0.69364970)
(0.22589896,0.91261447)
(0.59090799, 0.59090799)
(0.91261447,0.22589896)
(0.80526143,0.80526143)
(0.53865798, 0.69448498)
(0.60966146,0.75403842)
(0.65144442,0.65144442)

(0.14283922,0.95538455)
(0.12260433,0.75885079)
(0.14819209,0.43261430)
(0.25397459,0.25397459)
(0.69448498,0.53865798)
(0.75403842,0.60966146)
(0.43261430,0.14819209)
(0.75885079,0.12260433)
(0.95538455,0.14283922)
(0.81816556,0.64261816)
(0.73657273,0.73657273)
(0.64261816,0.81816556)
(0.96515183,0.34947743)
(0.89237610,0.69457314)
(0.96278242,0.96278242)
(0.69457314,0.89237610)
(0.34947743,0.96515183)

(0.044817489,0.044377864)
(0.11494611,0.11378281)
(0.14421655,0.14233981)
(0.13040246,0.13040246)

(1.2463933,1.2403749)
(1.2818275,1.2843933)
(0.14233981,0.14421655)
(0.11378281,0.11494611)
(0.044377864,0.044817489)
(1.1445529,1.1530219)
(1.2926651,1.2926651)
(1.1530219, 1.1445529)
(0.17348793,0.16987146)
(0.80121411,0.81922981)
(0.15449516,0.15449516)
(0.81922981,0.80121411)
(0.16987146,0.17348793)

Table 1: The values of the 100 degrees of freedom at the

steady MFE solution to the first example problem.




tine E04JAF, [22], to confirm that they do indeed minimize
the error (which is known exactly for this example) in the
energy norm (1.5). In fact the error in the Moving Finite El-
ement solution is about 20% smaller than the error obtained
by a conventional finite element analysis on the original grid
(the top grid in figure 1).

Having established the correctness of the results in sec-
tion 3 for the example above, we now show how the method
performs on a slightly more realistic problem which involves
the use of traction boundary conditions. Figure 2 depicts
an overhanging cantilever beam with a vertical concentrated
load at the end of the cantilever. An initial finite element
mesh is also shown. When this problem is solved using the
same elasticity tensor as in the previous example we obtain
the final solution tabulated in table 2, with the correspond-
ing final mesh shown in figure 3.

Figure 1: The initial and final meshes in the first example.
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Figure 2: The initial mesh for an overhanging cantilever
beam with a vertical concentrated load at the end of the
cantilever (the second example).

£

&4

(0.61456606, 0.47923320)
(1.3508914,0.33709922)
(1.6658348,0.39799753)
(1.9843904,0.51931928)
(2.2980489,0.43062728)
(2.5632998, 0.48729489)
(2.9466186,0.42107679)
(0.55265310, 0.26833740)
(0.98419625,0.25049591)
(1.6552233,0.25631920)
(1.9466160, 0.25760568)
(2.1329383,0.23533503)
(2.4721697, 0.26354485)
(2.8670582, 0.29304043)
(0.54078305,0.039875678)
(1.2195241,0.10503114)
(1.7953244,0.13322287)
(1.9952269, 0.037836236)
(2.2766370,0.10919590)
(2.5329448,0.086488793)
(2.9324739,0.19241566)
(0.0,0.60)
(0.5,0.60)
(1.0,0.60)
(1.5,0.60)
(2.0,0.60)
(2.5,0.60)
(3.0,0.60)
(3.5,0.60)
(4.0, 0.60)
(0.0,0.45)
(4.0,0.45)
(0.0, 0.30)
(4.0,0.30)
(0.0,0.15)
(4.0,0.15)
(2.5,0.00)
(3.0, 0.00)
(3.5,0.00)

(4.0,0.00)

(0.0057128317, 0.0024057717)
(0.018124359,0.0039853696)
(0.034182316,0.0039527141)
(0.083173394, —0.020636952)
(0.093319382, —0.11889211)
(0.13994718, —0.24150486)
(0.12854469, —0.49384140)
(0.0040340932, 0.0014452070)
(0.0083095121, 0.0028406895)
(0.019191152, 0.0025423956)
(0.027981717, —0.013151568)
(0.025296867, —0.054448789)
(0.026298447, —0.19275032)
(0.037755895, —0.43405716)
(0.00084279350, 0.00033244597)
(0.0053202886, 0.0010113499)
(0.0096274066, 0.00040332311)
(0.00094441866, —0.0036342981)
(—0.024969937, —0.10738732)
(—0.067484112, —0.22341877)
(—0.033494436, —0.48334012)
(0.0030501201, 0.0014523155)
(0.0046166793, 0.0025083792)
(0.013060042, 0.0045300761)
(0.033228801,0.0072372634)
(0.10004046, —0.020532766)
(0.19505958, —0.20246448)
(0.25710490, —0.53272069)
(0.26893202, —0.92149933)
(0.27413503, —1.3156280)
(0.0031526205, 0.0014838105)
(0.15685043, —1.3097350)
(0.0025270661, 0.0013058087)
(0.042305854, —1.3076245)
(0.0014285077, 0.00090359659)
(—0.71807578, —1.3068212)
(—0.11364067, —0.20379047)
(~0.17115245, —0.53300436)
(—0.18317899, —0.92003269)
(—0.18710608, —1.3067605)

Table 2: The values of the 122 degrees of freedom at the
steady MFE solution to the second example problem.



Figure 3: The final mesh in the second example.

At first sight this mesh appears to be of slightly dubious
quality however it is possible to confirm that it is indeed
optimal even though, unlike the previous example, we have
no analytic expression for the exact solution, . This may
be done by observing that since equation (1.1) is linear,
any finite element function, u”*, which minimizes the error,
u — u in the energy norm must itself be a minimizer of
the corresponding energy functional. In other words, theo-
rem 3.2 also implies that the steady Moving Finite Element
solution, u”, given in table 2 should be a minimizer of the
functional '
1 1 dub

E(lh) = 2 Q 0z,
j

dul

ax(

——'C,'jkg dv -—/ pbiu; dV —/ G;u; dS
Q =)
(4.1)
where the traction boundary conditions (1.4) hold on 85 C
Q. Once more the use of NAG routine E04JAF confirms
that the solution obtained is indeed a minimizer of (4.1) over
all choices of nodal positions, s;, and displacements, a;.

The reason that the optimal mesh shown in figure 3 may
not appear at first sight to be particularly ideal is that it
is subject to the constraint of having the same topology as
the initial mesh shown in figure 2. This is undoubtedly one
of the practical drawbacks of the Moving Finite Element
method as outlined here, although the situation is likely to
be improved somewhat by remeshing the node points ob-
tained at this stage, thus altering the connectivity, C, of the
grid. (In addition, in this particular example node move-
ment is restricted to those points inside the domain @ and
so there is a lot of stretching of elements adjacent to the
boundary. This could be rectified by permitting constrained
motion of the boundary nodes as outlined in subsection 2.3.)

Another practical drawback of using the Moving Finite
Element method as described in section 2 is the computa-
tional overhead associated with it. By allowing the nodal
positions to become degrees of freedom we effectively dou-
ble the size of the discrete problem that must be solved.
Moreover, since equations (2.24) are nonlinear and depen-
dent upon the artificial parameter 7, the work involved in
solving them is considerably more than that associated with
a more conventional discretization of (1.1). This does not
mean however that the method and the results of section 3
cannot be of significant practical value.

Firstly, there is no need to solve equations (2.24) with
particularly high accuracy: a nearly steady solution (within
a couple of percent of the true steady solution for exam-
ple) will provide an almost optimal mesh, and a good initial
estimate of the displacements, which can be used with a
standard finite element analysis code. This will allow a con-
siderably more accurate solution to be obtained than would
be possible on a uniform mesh. :
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Figure 4: The effect of loacl h-refinement on the final mesh
in the second example.

Secondly, and perhaps more practically, equations (2.24)
need only be solved using a coarse finite element mesh. This
would yield an optimal coarse initial mesh upon which to
base an adaptive finite element analysis using h-refinement.
Since the efficiency of most h-refinement algorithms is heav-
ily dependent upon the choice of coarse mesh that is used
and it is known that this coarse mesh is optimal, it is to
be expected that this combination of r- and h-refinement
should work well. Figure 4 illustrates how this looks in
practice by showing the effect of local h-refinement on the
grid that was produced in the solution to example 2 (fig-
ure 3) above. Those elements with the largest contributions
to (4.1) have been found at very little extra computational
cost and then locally refined, to give the mesh shown. A
more accurate solution can now be found on this mesh in
the usual way.

5 Discussion

The main result of this paper is a theoretical one which
shows that the Moving Finite Element method can be ap-
plied to the solution of linear elastic structural analysis
problems to yield an optimal solution on an optimal mesh.
For clarity the theory is presented for two-dimensional prob-
lems however it extends to three dimensions without any
fundamental alterations. In addition, although the compu-
tational examples discussed in section 4 are for isotropic
materials this is not a necessary assumption.

It would be desirable to extend the results to the case of
nonlinear structural analysis problems and current research
suggests that this is possible. The generalization to nonlin-
ear problems comes from the observation made in section 4
that, for a linear problem, minimizing the error in the en-
ergy norm corresponds to minimizing the energy functional
(4.1). This leads one to the hypothesis that for problems
in nonlinear elasticity the Moving Finite Element method
could be used to obtain an optimal mesh for the purposes
of energy minimization. )

Whilst theoretical results are of interest in their own
right, from a practical point of view it is important that they
can be utilized to improve the quality of numerical software.
It remains to be seen whether the Moving Finite Element
method has a role to play in structural analysis however if
it does then it will almost certainly be in conjunction with
some other form of adaptivity. In section 4 it is suggested
that the method could be effectively combined with local
h-refinement in order to get an optimal coarse mesh as the
starting point for this local refinement. Further work is
certainly required to establish the quantitative benefits of
this or similar approaches.



A final point which has not been addressed at all in
this paper is that of what should be done if the solution
of equations (2.24) is such that one or more of the finite
elements shrinks to zero area as 7 evolves. In theory there
is nothing to prevent such an occurrence although this does
not appear to happen in practice. It would be useful either
to prove that this will never happen or else to implement
a suitable strategy, such as regridding the mesh points, for
when it does occur.
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