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Abstract

We describe an algorithm for the generation of large unstructured
meshes for use in finite element analysis on parallel distributed memory
computers (such as the Intel iPSC/860 or the Cray T3D for example).
This generation procedure is then coupled with an efficient parallel finite
element solution algorithm and @ posteriori error estimate, to provide a
mechanism for the reliable adaptive and parallel solution of a wide class
of elliptic boundary value problems.

1. Introduction

This paper considers the efficient and reliable solution of elliptic par-
tial differential equations using the finite element method on unstruc-
tured grids and parallel computer architectures. In this context there-
fore, we not only wish to make use of adaptivity and a posteriori error
estimation to ensure quantifiable accuracy at low computational cost; we
also wish to ensure that a high degree of parallelism is built in to all of
our algorithms so as to guarantee parallel efficiency and reliability too.

In recent years much research has been done in developing high qual-
ity p.d.e. software for serial computation. Typically, such software in-
cludes features such as efficient mesh generation and refinement as well
as effective preconditioning for the iterative solvers that are used with
unstructured grids (see the public domain package PLTMG [2] for ex-
ample). Unfortunately, many of the advances incorporated into software
such as this are yet to be carried over to non-serial computers, such as dis-
tributed memory parallel architectures. The majority of recent research
into the solution of unstructured finite element problems on distributed
memory machines seems mainly to have concentrated on the problem of
data partitioning [4,7,9,10,16,19]. For this paper we follow [14] and [15]
and take the view that in order to produce efficient and reliable parallel
algorithms it is necessary to consider the data partitioning problem in
conjunction with the issues of parallel mesh generation and adaptivity.

In section 2 below we outline a new algorithm for the parallel gen-
eration of unstructured meshes which are suitably partitioned for the
immediate application of a parallel finite element solver. Such a solver,
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along with an efficient parallel preconditioner and a posteriori error es-
timator, is then discussed in section 3. The following section then shows
how this error estimator may be combined with the mesh generation pro-
cedure to produce an appropriately adapted mesh in parallel. The paper
then finishes with a simple illustrative example and a brief discussion of
this and future work. Throughout the paper we concentrate on the case
of problems in two dimensions although most of the ideas carry over to
three dimensions with little conceptual difficulty.

2. Parallel Mesh Generation

The requirements of a good parallel unstructured mesh generation
procedure for a distributed memory computer can be listed as follows:

1. meshes should be generated in parallel, and be of “high quality”,

2. upon completion, each processor should have generated about the
same number of nodes and the mesh should be distributed such
that the number of nodes lying on the boundary between processors
should be as low as possible.

The first of these requirements is self-explanatory, the second relates to
being able to obtain an efficient finite element solution on the generated
mesh. In order that each processor will have the same computational
load we require that the subproblem that each processor works with
should be of about the same size. In addition we also wish to minimize
the amount of data transfer that will be required between processors
during the solution phase of the algorithm: we model this by attempting
to minimize the number of nodes on the partition boundary because the
local nature of the finite element method implies that it is only data
relating to these nodes that will ever need to be communicated.

Our algorithm achieves the above requirements by making use of a
coarse background grid which covers the problem domain {or an approx-
imation to it where the boundary region is curved). At each knot point
of the background grid we associate a value, known here as a “point
distribution value”, which defines the desired spacing of the mesh to be
generated in the immediate neighbourhood of this point. Using these
values it is then possible to estimate how many nodes we expect will be
generated along each edge of the background grid and inside each ele-
ment. Following this a weighted dual graph is produced such that each
vertex of this dual graph represents a coarse element and has a weight
equal to the number of predicted nodes for that element, and each edge
of the graph represents an edge of the background grid and has a weight
equal to the number of nodes that will be generated along it. The ver-
tices of this weighted graph are then partitioned between the processors
so as to ensure that the sum of the vertex weights on each processor is
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about the same, whilst the sum of the weights of those edges joining ver-
tices on different processors is as low as possible. Hence each processor
is assigned a number of elements. in the coarse grid which it will work
with. The finite element mesh itself is now generated in parallel, with
each processor using an implementation of Weatherill’s algorithm ({17])
for generating a Delaunay mesh on the interior of each coarse element
allocated to it during the partitioning stage.

So long as the a priori estimates of the number of nodes that are
generated in each subdomain (coarse element), and along each coarse
edge, are sufficiently accurate, then by partitioning the weighted dual
graph of the background grid in the manner outlined in the previous
paragraph, we are able to ensure that requirement 2 above is satisfied. In
addition, the first part of requirement 1 is also satisfied by this algorithm
as each processor will generate an approximately equal contribution to
the final mesh in parallel. The use of a Delaunay mesh generator within
each subdomain is designed to ensure that if the coarse background grid
is of a good quality then so too will be the final mesh. As an extra
precaution local mesh smoothing through the use of a Laplacian filter
(as in [18]) may also be applied within each subdomain.

Full details of this parallel mesh generation algorithm may be found
in [11] or [12], where technical details on the estimation of vertex and
edge weights, the partitioning of the weighted dual graph, and the par-
allel implementation of the procedure are all discussed. We end this
section by quoting one of the experimental results from [11], where it
is demonstrated that it is possible to generate a mesh of over 800000
elements on an L-shaped domain in under two minutes using eight pro-
cessors of an Intel iPSC/860 (in fact in [12] efficient results are given
for up to 32 processors). Moreover, it is observed that these elements
are partitioned in such a way that each processor has an almost equal
number of vertices stored upon it, and that the total number of vertices
lying on a boundary between processors is generally as low (or lower
than) the number obtained using conventional partitioning algorithms.

3. Parallel Solution and Error Estimation

Having generated an unstructured mesh which covers an arbitrary 2-
d problem domain, Q say, we now concentrate on deriving an efficient and
reliable parallel finite element algorithm for solving general second order
boundary value problems. We therefore consider the following Dirichlet
problem whose weak solution, u € HE(R), satisfies a relationship of the
form

a("v”) = (fav) Vv € H[}(Q) ’ (31)

where the bilinear form a(-,-) is symmetric and elliptic, (-, ) represents
the usual L2-inner product and we assume that the essential boundary
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condition ¥ = ug is satisfied on the entire boundary #9Q. For the purposes
of this paper we only consider using piecewise linear finite elements to
solve (3.1) on our unstructured mesh, although the ideas presented here
do extend to higher order elements, through the use of hierarchical basis
functions for example (see [1] and references therein). This leads to the
necessity of solving one or more sparse linear systems of the form

Kz=5%, (3.2)

where K is a symmetric positive definite matrix, b is a known vector and
z is a vector of unknowns which correspond to values at the nodes of the
finite element mesh (see [13] for example).

Using piecewise linear elements, if we order the nodes of the finite ele-
ment mesh starting with all of the nodes generated inside the first coarse
element, followed by all of the nodes inside the second coarse element,
up to all of the nodes inside the last coarse element, followed by all of the
nodes on the boundary between coarse elements (this excludes those on
the Dirichlet boundary), then the resulting finite element system, (3.2),
takes the block-arrowhead form

Alg, A1y | [ 21 br
Az, A1Bg, Z 1y bry
: : : = (3.3)
. . Aty Atb | | 24, biw,
Alp, Als, ‘- Alpy,, ABB zp bp

Here it is assumed that there are N subdomains (coarse elements) and
that Zj,, represents those unknowns inside subdomain ¢ and zg repre-
sents those unknowns on the boundary between subdomains (i.e. the
boundary between coarse elements). Moreover, it is possible to compute
and assemble each of the blocks A"(‘.), A;B(‘.) and _111('.) independently
on the processor storing subdomain i. In addition, each processor can
compute and assemble its own contributions to the remaining block of
K, Agp, independently - storing them in the blocks ABB(,-) say (hence
App = ABB(,) +..+ ABB(N))- For the remaining block of b, bg, each pro-
cessor can again compute its own contributions but some communication
is required to enable the full bg to be known on each processor.

This completes the first step of the finite element solution procedure:
computing and partially assembling the finite element matrices in par-
allel. The next step is to solve (3.3) in parallel, respecting the fact that
the system is stored in a distributed fashion. We do this using the Schur
Complement Method (SCM) with a parallel domain decomposition (DD)
preconditioner, as explained in [12]). To derive the Schur Complement
Method it is noted that, from (3.3),

AII(.‘)EI“) + AIB(.‘).EB = kl(,’) fOl' l = 1’ "‘9N (3'4)
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4. Adaptivity Through Parallel Remeshing

The final stage in our adaptive remeshing algorithm is to make use
of the error estimate, derived from our initial finite element solution,
to generate a new mesh which will allow a more accurate answer to
be obtained. Recall from section 2 that the parallel mesh generation
procedure that we use requires a point distribution value to be defined
at each knot of the coarse background grid. In the absence of any other
information we would usually choose to set each of these values to be the
same in the first instance so as to generate a mesh of uniform density
everywhere. Now that we do have some information however (in the
form of the error estimate n), we would like to use this to influence the
point distribution values at each coarse knot point so as to generate a
new mesh which is better suited to the solution we are attempting to
find.

One of the simplest ways of achieving this is to let the error at each
knot point, ¢ say, of the coarse grid be defined to be

Ei= max {max{|nlla.c}}, (4.1)

where e = 1,..., N(4) is an ordering of each of the coarse grid elements,
0!, with knot i as a vertex, and 0, is a finite element contained within

the subdomain Q.. We can now use an approach similar to that in [14]
and define the point distribution value at knot ¢ to be

a
min{previous value, E} , (4.2)
i
for some suitable choice of scaling factor a. Note that the form of (4.2)
ensures that the new mesh, when it is generated, will never be less dense
anywhere than the mesh at the previous level, even when the estimated
error is extremely small.

Again, this stage of the algorithm can also be efficiently implemented
in parallel, with only a small amount of local data transfer required
(to determine maximum error values at those coarse knots lying on the
boundary between processors). Having obtained these modified point
distribution values we may now re-use the procedure described in section
2 to repartition the coarse background grid and generate a new, refined,
finite element mesh which is better suited for approximating the true
solution. A summary of the complete algorithm is shown below.

1. Generate a coarse background grid and assign a moderate point
distribution value to each knot.

2. Partition the background grid across the processors.
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3. In parallel: generate a uniform density, unstructured mesh (which
will be load-balanced, with a low interpartition boundary length).

4. In parallel: assemble and solve the finite element equations (using
the Schur Complement Method with a parallel Domain Decompo-
sition preconditioner).

5. In parallel: estimate the error on each triangle and use this to
assign new point distribution values to each coarse knot point.

6. Repartition the background grid across the processors.

=3

In parallel: generate a new, refined, unstructured mesh (again load-
balanced and with a low interpartition boundary length).

8. In parallel: assemble and solve the finite element equations (as in
step 4).

9. In parallel: estimate the new, reduced, error on each triangle.

Note that the only parts of this algorithm that cannot efficiently be
implemented in parallel are steps 1, 2 and 6, which relate to the coarse
background grid. Since this is always likely to be much smaller than
the final mesh upon which we solve the problem, and since we aim to
keep the size of this grid independent of the number of processors being
used, we can reasonably expect that the algorithm will scale well as the
problem size and the number of processors in increased.

In theory it is possible to extend the above algorithm further, turning
it into an iterative process. This would mean taking the error estimate
computed in step 9 and using it to further modify the point distribution
values on the coarse grid. Then, the algorithm would return to step 6 un-
less some termination criterion was satisfied. We have yet to implement
such an iterative approach however since it is clear that it will not work
using the current maximum norm and point distribution value formulae
given by (4.1) and (4.2). This is because, as the error gets smaller at
each iteration so too will the coarse knot error estimates, E;, and so, by
(4.2), the mesh would not be refined further.

5. Discussion

In this section we illustrate the algorithm that has been described by
considering a straightforward test problem with a known solution. We
then discuss the merits of the solution that we obtain and consider the
strengths weaknesses of our approach.

We consider the problem

Au=f on the domain @ = (0,7) x (0,2), (5.1)
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subject to the Dirichlet boundary condition u|sn = 0, where the choice
of f in (5.1) is made so as permit the unique solution

u = tanh (100r — 40) — tanh (1007 — 60) , (5.2)

with

r=4/(z —3.5)2+ (y — 1.0)2.

Clearly, as can be seen from the contour plot in figure 1, this solution
is flat over most of the domain, €, but changes very rapidly in some
restricted regions. It is in these regions where we would expect the mesh
refinement to be greatest in order to ensure that the computational error
is small.

1+

& t 3 3 1 3 3

Figure 1: Contour plot of the solution to equation (5.1).

In table 1 below, the parallel solution times are shown for this prob-
lem using 1, 2, 4 and 8 processors of an Intel iPSC/860, on a background
grid of 440 triangular elements (which is shown in figure 2).

Number of processors
Task 1 2 4 8
Gen. & part. uniform mesh | 3.036 | 2.393 | 2.548 | 3.320
Sol. + err. est. 11.29 | 5.777 | 3.300 | 2.173
Gen. & part. refined mesh | 15.45 | 9.239 | 6.565 | 6.088
Sol. + err. est. 67.94 | 32.83 | 17.62 | 10.25
TOTAL 97.72 | 50.24 | 30.03 | 21.83

Table 1: Parallel solution times (in seconds) on the Intel iPSC/860.

First of all a mesh of uniform density was generated, which contained
4180 elements (see figure 3). Next, the finite element problem was solved
on this mesh and an estimate of the error found. This estimate was used
to generate a refined mesh of 23886 elements which is shown in figure 4.

As can be seen from this table, the solution and error estimation
steps of the algorithm scale well, even when the problem size is fixed, as

244



Figure 2: Background mesh used in the solution of equation (5.1).

Figure 3: Initial mesh used in the solution of equation (5.1).

in this example. The parts that do not scale so well are those steps which
are dominated by the sequential partitioning of the coarse background
grid. It should be noted however that when the problem size is allowed to
grow with the number of processors this difficulty is significantly reduced
(since the coarse grid does not grow with the problem size). Inspection
of the meshes shown in figures 2 to 4 show that heavy refinement has
indeed taken place in those coarse elements for which the solution u,
in (5.2), has large gradients or curvatures. This suggests that for the
self-adjoint elliptic problems considered here, we have had some success
in achieving our aims of providing reliable and efficient software: both
in the sense of achieving automatic mesh refinement and in producing a
robust parallel implementation.

-
Figure 4: Refined mesh used in the solution of equation (5.1).
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There is still a considerable amount of further work to be performed
however, especially for non-self-adjoint equations. Here we may have to
work further on our error estimation and it will certainly be necessary to
make use of alternative iterative solvers and preconditioners. In addition,
as already mentioned in section 4, it may well be possible to improve the
manner in which we use the error estimate to generate a refined mesh,
thus allowing a fully iterative version of the algorithm discussed here to
be implemented.
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