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Abstract

In this paper we contrast the performance of three dif-
ferent parallel dynamic load-balancing algorithms when
used in conjunction with a particular parallel, adaptive,
time-dependent, 3-d flow solver that has recently been
developed at Leeds. An overview of this adaptive solver
is given along with a description of a new dynamic load-
balancing algorithm. The effectiveness of this algorithm is
then assessed when it is coupled with the solver to tackle a
model 3-d flow problem in parallel. Two alternative paral-
lel dynamic load-balancing algorithms are also described
and tested on the same flow problem.

1 Introduction

The use of distributed memory parallel computers for the
solution of large, complex computational mechanics prob-
lems has great potential for both significant increases in
mesh sizes and the significant reduction of solution times.
For transient problems accuracy and efficiency constraints
also require the use of mesh adaptation since solution fea-
tures on different length scales are likely to evolve. Sig-
nificantly, the meshes that are generally used for these
problems on parallel machines are typically too large for
serial adaptivity to be viable in conjunction with a par-
allel solver without causing a major serial bottleneck and
a large communication overhead. In addition the size of
the final mesh would be artificially constrained by the
amount of memory available to a single processor. There
is therefore a clear need for parallel adaptivity procedures
to be supplied in addition to the parallel solver itself. This
adaptivity should allow both the addition and deletion of
degrees of freedom across the solution domain in a dis-
tributed manner, without ever requiring the entire mesh
to be held on a single processor — see [10] for a discussion
of some examples of such techniques.

In order for the parallel solver to perform efficiently
however it is necessary that, at each stage of the solution
process, the work load of each processor should be about
equal (or proportional to its computational power in the
case of an heterogeneous system). If this equality of load is
initially achieved through appropriately partitioning the
original finite element/volume mesh across the processors
then it is clear that the use of parallel adaptivity will even-

tually cause the quality of the partition to deteriorate. For
the same reasons that it is undesirable to perform mesh
adaptivity on a single processor it is also undesirable to
re-partition the mesh using just one processor: it would
carry a large communication overhead, become a serial
bottleneck and would be constrained by the amount of
memory available to just one processor. Hence a parallel
load-balancing technique is required which is capable of
modifying an existing partition in a distributed manner
so as to improve the quality of the partition (see Section
3) whilst keeping the amount of data relocation as small
as possible.

In this work we consider the dynamic load balancing
problem which arises in the adaptive solution of time-
dependent partial differential equations using a particular
parallel adaptive algorithm based upon hierarchical mesh
refinement. This algorithm is applicable to problems in
three space dimensions of the form

g—tg(g,t) = L(u(z,1)) for (z,t) € Q@ x (0, 7], (1)
where Q € R®3 and £ is some spatial operator. It is based
upon the adaptive refinement of a coarse root mesh, 7
say, of tetrahedra which covers the spatial domain Q. The
flexibility of the data structures held within the adaptiv-
ity code (see 2.1 below) means that the exact nature of
the parallel solver may vary (e.g. finite element or finite
volume) provided it uses a tetrahedral mesh and is able
to work with a partition of the elements of this mesh.

In the following section an overview of this parallel
adaptive algorithm is given, along with a brief description
of a particular parallel solver based upon a cell-centred fi-
nite volume scheme. Section 3 then discusses the dynamic
load-balancing problem in more detail and introduces two
very recent software tools for tackling this distributed
problem in parallel. A third dynamic load-balancing algo-
rithm is introduced in Section 4, where its implementation
is also outlined. The paper then concludes by reporting
the results of a number of numerical tests which are used
to contrast the three load-balancing algorithms for this
particular adaptive solver.

To conclude this introductory section we observe that
the parallel dynamic load-balancing problem addressed in
this paper can arise in numerous other contexts in paral-
lel computational mechanics. As well as the use of local
h-refinement, other algorithms which permit the distri-



bution of the computational load across the domain € to
vary as the simulation proceeds will require a dynamic
load-balancing strategy. This includes algorithms based
upon p-refinement (see [3, 4] for example) or those for
solving systems, such as those arising in phase-change
problems for example (e.g. [1]), in which the computa-
tional nature of the solution can change with time at each
point in €. Another important situation in which dy-
namic load-balancing is required often arises when a par-
allel code is executed on an heterogeneous network (such
as a cluster of workstations for example), in which the
performance of each processor may vary with time as its
load increases or decreases. All of these situations may
be treated by the algorithms discussed in Sections 3 and
4 below however, for the sake of clarity, we now restrict
all further discussion, examples and comparisons to the
three-dimensional h-refinement code described in the fol-
lowing section.

2 A Parallel Adaptive Flow Solver

2.1 A parallel adaptive algorithm

The software outlined in this subsection is based upon a
parallel implementation of a general purpose serial code,
TETRAD (TETRahedral ADaptivity), for the adapta-
tion of unstructured tetrahedral meshes [20]. The tech-
nique used is that of local refinements/derefinements of
the mesh to ensure sufficient density of the approxima-
tion space throughout the spatial domain, Q, at all times.
A more complete discussion of the parallel algorithms and
data structures may be found in [17, 18, 19].

Data structures

One of the major issues involved in parallelising an adap-
tive code such as TETRAD is how to treat the existing
data-structures. TETRAD utilises a complex tree-based
hierarchical mesh structure, with a rich interconnection
between mesh objects. Figure 1 indicates the mesh object
structures used in TETRAD. In particular, note that the
main connectivity information used is ‘node to element’
and that a complete mesh hierarchy is maintained by both
element and edge trees. Furthermore, as the meshes are
unstructured, there is no way of knowing a-prior: how
many elements share any given edge or node.

For parallelisation of TETRAD, there are two main
data-structure issues. The first is how to partition a hi-
erarchical mesh, the second is that we require new data-
structures to support parallel partitioning of the mesh.

1. There are two main options for partitioning a hier-
archical mesh. The first is to partition the grid at
the root or coarsest level, 75. This has a number of
advantages. The local hierarchy is maintained on a
processor and thus all parent/child interactions (such
as refinement/derefinement) are local to a processor.
The partitioning cost will also be low, as the coarse
mesh is generally quite small. The main disadvan-
tage of this approach however is that, for compar-
atively small coarse meshes with large amounts of
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Figure 1: Mesh Data-Structures in TETRAD

refinement, it may be difficult to get a good parti-
tioning, both in terms of load balance and communi-
cation requirements.

The other main approach is to partition the leaf-level
mesh, i.e. the actual computational grid. The pros
and cons of this approach are the opposite of those
with the coarse level partitioning. In particular, the
quality in terms of load balance and cut-weight of
the partition is likely to be better, albeit at the ex-
pense of a longer partitioning time. However, the
data-structures have to be more complicated as hi-
erarchical operations, such as multigrid V-cycles and
derefinement for example, are no longer necessarily
local to a processor (and are therefore likely to be
slower).

The approach taken for parallelising TETRAD is
that of partitioning the coarse mesh. The only disad-
vantage of this, that of possible suboptimal partition
quality, can be avoided if the initial, coarse mesh is
scaled as one adds more processors.

. Given a partitioned mesh, we also need new data-

structures in order to support inter-processor com-
munication and to ensure data consistency. Data
consistency is handled by assigning ownership of
mesh objects (elements, faces, edges and nodes). As
is common in many solvers such as those used by
[2] we use halo elements, a copy of inter-processor
boundary elements (with their associated data) used
to reduce communication overheads. In order to have
complete data-structures (e.g. elements have locally
held nodes) on each processor, we also have halo
copies of edge, node and face objects. If a mesh ob-



ject shares a boundary with many processors, it may
have a halo copy on each of these. All halos have the
same owner as the original mesh object. In situations
where halos may have different data than the origi-
nal, the original is used to overwrite the halo copies
and thus is definitive. This is used to help prevent
inconsistency between the various copies of data held.

Adaptivity algorithms

Both TETRAD ([20]) and its parallel implementation,
PTETRAD ([17]), use a similar strategy to that outlined
in [14] to perform adaptivity. Edges are first marked for
refinement/derefinement (or neither) according to some
estimate or indicator (provided as part of the parallel
solver: see 2.2 below for example). Elements with all
edges marked for refinement may then be refined regu-
larly into eight children. To deal with the remaining ele-
ments which have one or more edge to be refined we use
so-called “green” refinement. This places an extra node
at the centroid of each element and is used to provide a
link between regular elements of differing levels of refine-
ment. The types of refinement are illustrated in Figures
2 and 3. An important restriction that is made is that
green elements may not be further refined as this may ad-
versely affect mesh quality ([16]). Instead, they are first
removed and then uniform refinement applied to the par-
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Figure 2: Regular Refinement dissecting interior diagonal

Figure 3: Green Refinement by the addition of an interior
node

Immediately before the refinement of a mesh, the dere-
finement stage occurs. This may only take place when all
edges of all children of an element are marked for dere-
finement and when none of the neighbours of an element
to be deleted are green elements or have edges which have

been marked for refinement. This is to prevent the deleted
elements immediately being generated again at the refine-
ment stage which follows. A further necessary constraint
is that no edges or elements at the coarsest level, 75, may
be derefined.

For further details of the implementation of these adap-
tive algorithms using MPI ([15]) please refer to [17]. This
paper discusses important issues such as performing par-
allel searches in order to allow refinement of edges of green
elements (which requires coarsening followed by regular
refinement), maintaining mesh consistency and dealing
with halo data in parallel.

2.2 A parallel finite volume solver

In order to apply the above adaptive algorithm to systems
of PDEs of the form (1) a parallel solver is also required.
The data structures supported by TETRAD have been
used with both finite element and finite volume solvers
(cell-centred and cell-vertex), however in this paper we
restrict our numerical experiments to a cell-centred finite
volume scheme.

The scheme that we use is applicable when (1) repre-
sents a system of hyperbolic conservation laws of the form

Ou  0F(u)  0G(u)  OH(u)

E—F Ox + By_+ 0z =0, (2)

such as the three-dimensional Euler equations for ex-
ample, and is a parallel version of the algorithm de-
scribed in detail [20]. This is a conservative cell-centred
scheme which is a second-order extension of Gudunov’s
Riemann problem-based scheme ([6]), using MUSCL-type
piecewise linear reconstructions of the primitive variables
within each element ([13]). Although the time-stepping
is explicit it is executed in two distinct phases: a non-
conservative predictor-type update (referred to in [13] as
the “Hancock step”) followed by a second half-time-step
based upon the application of the underlying conserva-
tion law. Implicit in this numerical method is the need
to solve a Riemann problem at each element interface at
each time-step — although this is only done approximately
using a modified form of the approximate solver described
in [7].

The parallel version of the solver is straightforward
to implement due to the face data structure that exists
within the adaptivity software (see Figure 1 for example).
To avoid any conflicts at the boundary between two sub-
domains a standard “owner computes” rule is used for
each of the faces when solving the approximate Riemann
problems to determine fluxes. The use of halo elements
ensures that the owner of each face has a copy of all of
the data required to complete these flux calculations pro-
vided the halo data is updated twice for each time-step
(i.e. immediately before the Hancock step and then again
before the second half-time-step).

3 Dynamic Load-Balancing

As explained in Section 2.1 above parallel solvers such
as PTETRAD require the computational domain to be



partitioned into subdomains. In the case of parallel
TETRAD this partition should be applied to the coarse
root mesh 7y. It is usual to express the requirements of
such a partition in terms of the weighted dual graph of
this mesh. For each element, i, of the root mesh define a
corresponding vertex of the dual graph and let this vertex
have weight v;, where v; is the number of leaf-level ele-
ments of the current mesh which lie within root element .
For each pair of face adjacent elements in the root mesh
define an edge, 7, of the dual graph and let this edge have
weight e;, where ¢; is the number of pairs of leaf-level el-
ements in the current mesh which meet along face j. We
may now observe that, for a homogeneous network of pro-
cessors, we would like to be able to partition this graph
so that at all times

1. the total vertex weight in each sub-graph is approxi-
mately equal.

This will ensure that the computational load will be about
the same on each processor when the parallel finite volume
solver is applied. In addition to this however, we would
like the number of halo elements to be kept to as low
as possible so as to minimise the overhead of the halo
updates that are required twice per time-step. This means
that we also need to partition the weighted dual graph so
that at all times

2. the total cut-weight of the partition is kept to a min-
imum.

Here, the term cut-weight is defined to be the sum of the
edge weights of those edges which link two vertices of the
dual graph belonging to different sub-graphs within the
partition. (Note that an alternative requirement could be
to minimise the maximum cut-weight for any sub-graph as
opposed to the total cut-weight, but we will not consider
this problem here.)

Note that both of the above constraints on the partition
of Ty (or its dual graph) should hold at each time-step.
However, when parallel adaptivity occurs it is likely that
the weights v; and e; will change. In particular, changes
in the vertex weights v; are liable to cause an existing well-
balanced partition of 75 to become unbalanced. The ob-
jective of a dynamic load-balancing algorithm is to modify
an existing, inadequate, partition of the dual graph so as
to meet objectives 1 and 2 above but in such a way that

3. there is a minimal amount of migration of data be-
tween sub-graphs.

The motivation behind this requirement is simply that
there is a significant communication overhead associated
with moving data between processors and this overhead
should not be allowed to nullify the computational ad-
vantages of obtaining an improved partition. A similar
argument motivates yet another requirement that:

4. the load-balancing should be completed in parallel.

If this were not to be the case then there would be a
sequential bottleneck in the whole solution procedure at
the load-balancing stage which could seriously reduce the

overall efficiency and performance of the adaptive parallel
solver.

Before moving on to briefly discuss some parallel dy-
namic load-balancing algorithms it should be noted that
there is no reason to expect that 1 to 4 above represent a
consistent set of requirements. For example, an existing
partition could be so far from optimal that there is no way
that a near-optimal partition (in terms of 1 and 2) can be
reached by only migrating a small proportion of the ver-
tex weights. It is perhaps not surprising therefore that the
vast majority of published dynamic load-balancing algo-
rithms appear to be based heavily on heuristics. A recent
survey of such algorithms may be found in [9] however
in this section we will describe just two of these, called
“Metis” ([11]) and “Jostle” ([25]) respectively. These
have been selected since, at the time of writing, they are
the only two parallel dynamic load-balancing algorithms
which have public domain implementations: in both cases
using MPI [15].

Both Metis ([11]) and Jostle ([25]) are examples of mul-
tilevel partitioning algorithms. The general idea behind
these techniques is to produce a hierarchy of coarsenings
of the original weighted graph (where each level in the hi-
erarchy is produced by merging together groups of neigh-
bouring vertices of the graph (usually from the same sub-
graph) at the previous level), and then to perform a quite
careful re-partition of the coarsest graph. This new par-
tition is then projected onto the graph at the previous
level and then modified using a local algorithm (such as
[5, 12]) in order to improve the partition quality. This
step of projection onto the previous level followed by lo-
cal improvement is repeated until the original graph has
been recovered, when the algorithm terminates. Further
details of each of these algorithms may be found in the
papers cited.

4 An Alternative Dynamic Load-
Balancing Algorithm

In this section we introduce a third dynamic load-
balancing algorithm in some detail. This was first de-
scribed in [21, 22] although some minor modifications
have since been made for its application to the three-
dimensional problems considered here.

4.1 Group balancing

Following Vidwans et al. [23], we define a further weighted
graph: the weighted partition communication graph
(WPCG). This represents the face adjacency of the p pro-
cessors being used (processors that share at least one face
of a coarse element with a given processor are said to be
face adjacent to that processor). A WPCG is obtained by
having one vertex for every processor and an edge between
two vertices if and only if they are face adjacent to each
other. The weight wy, of the i'® vertex is equal to the
sum of weights of all coarse elements on the i*"? processor
and the weight wg,, of the edge connecting the it" and
j processors is equal to the sum of weights of all coarse



element faces on the interpartition boundary between the
two processors.

We now divide the WPCG into two subgroups denoted
by Groupl and Group2. Unlike in [23] however we use a
weighted version of the spectral bisection method which
results in a partition which is based upon having an ap-
proximately equal weight in each group, rather than an
equal number of processors. Moreover the spectral algo-
rithm is also designed to keep the weight of those edges
of the WPCG which are cut by the partition (the “cut-
weight”) as low as possible. The cost of implementing
this algorithm is not significant since the number of pro-
cessors, p, is always small compared with the size of the
coarse mesh.

A full description of the weighted spectral bisection al-
gorithm may be found in [8, 24]. Briefly, a weighted Lapla-
cian matrix, L, for the WPCG is first formed and then

\/JM)' The
second eigenvector (or Fiedler vector), u,, of the scaled
matrix S = DT LD is then found. Finally a partitioning
vector, x, is defined by z; = uy,/\/wy, for i = 1,...,p.
The two subgroups are then defined by sorting the p ver-
tices of the WPCG according to the size of their entry in

z and placing elements represented by J:; 1= 1...n1n one

scaled by the diagonal matrix D = diag(

group (with z being the sorted vector) and those by ;l‘;-:
1t =n+1,...,pin the other, with n chosen so that

n P
’ 1
E Wy, — E W, (3)
i=1 i=n+1

is as small as possible (where w;\,l is the weight of the

vertex represented by J:;)

If the latest leaf-level mesh is quite uniformly dis-
tributed across the processors then we would expect each
group to contain about the same number of processors
and an almost identical total weight. If this mesh is the
result of heavy local refinement in just some regions of Q
or the partition is not well load-balanced however then the
number of processors in each group may be very different.
In either case the cut-weight resulting from this bisection
will generally be small. In the next stage of the algorithm
we use the idea of local migration from the “larger” to
the “smaller” group so that after migration each group
contains approximately the same average weight per pro-
cessor without there being a significant increase in the
cut-weight.

4.2 Local migration

As mentioned above the subgroups formed in the last sub-
section may not be ideally balanced. To balance them we
now migrate nodes of the weighted dual graph (i.e. ele-
ments of the coarse mesh 7y and their entire sub-mesh hi-
erarchies) from the “larger” to the “smaller” group. There
are many ways to do this but, due to the non-linear com-
plexity of the Kernighan and Lin algorithm ([12]), we ap-
ply the ideas of Fiduccia and Mattheyses ([5]) who suggest
a similar algorithm but whose complexity is linear.

We first decide which of the subgroups is to be the
Sender and which the Receiver. We then define the num-
ber Mig,,; to equal the total weight of all the nodes which

are to be migrated from the Sender to the Receiver. Let
N; and N be the number of processors in Groupl and
Group?2 respectively. Also let Ave be the average weight
per processor in the WPCG and Ave; and Awvey be the
average weights per processor in Groupl and Group2 re-
spectively. Then the calculation of Sender, Receiver and
Mig,,; is shown in Figure 4 below (in order to calcu-
late Mig,,, one simply multiplies the average excess load
per processor by the number of processors in the Sender
group). Note that if the combined weight of the nodes
transferred between the Sender and the Receiver is nearly
or exactly equal to Mig,,, then the two groups will be
load-balanced upon completion.

if(Ave; < Aves){
Sender = Group2;
Receiver = Groupl;
Mig,,; = Na * (Aves — Ave);

else{

Sender = Groupl;

Receiver = Group?2;

Mig, ., = N1 * (Ave; — Ave);
}

Figure 4: Calculation of Sender, Receiver and Mig;,,.

Having established the required load to be transferred,
the next issue to address is that of how many nodes (i.e.
elements of 7p) each processor in the Sender group should
actually send and which processors in the receiver group
they should be sent to. Again we build upon the algo-
rithm of Vidwans et al [23], by defining the concept of
candidate processors. Processors in each group that are
face-adjacent to at least one processor in the other group
are called candidate processors. We only allow the can-
didate processors to be involved in the actual migration
of nodes from Sender to Receiver. Let N;,; be the total
weight on all candidate processors of the Sender group.
Then if the i'* candidate processor in the Sender group
is face adjacent to more than one candidate processor in
the Receiver group we migrate nodes to that candidate
processor which has the “longest” boundary (by this we
mean that the cut-weight between the two processors in-
volved is maximum as compared to other possible pairs).
The amount of load shifted from the ** candidate pro-
cessor in Sender group is denoted by Mig, and is given

by,

Mig, = ( il ) Mi 4)
ig, = * Mig,,;,
g Niot &tot

where N; is the total weight of the i*® processor.

Finally, it is necessary to decide precisely which nodes
in the weighted dual graph of the root mesh 7y should be
transferred. Our aim is to transfer those nodes which re-
sult in as low a cut-weight as possible. The fundamental
ideas behind this are the concepts of the “gain” and “gain
density” associated with moving a node onto a different
processor. For a node, k say, which is situated on the "
candidate processor in the Sender group, we define the
gain(k) associated with this node to be the net reduction



in the cut-weight that would result if this node were to
migrate to the Receiver group (the j'* candidate proces-
sor in the Receiver group say). The calculation of gain(k)
is shown in Figure 5.

wg,, if [ € j1* processor,
gain(k) = Z —wg,, ifl€ i processor,
(k,0) 0  otherwise.

Figure 5: The calculation of gain.

The gain density of a node of a weighted graph is de-
fined as the gain of the node divided by the weight of
the node. The bulk of the work needed to make a move
consists of selecting the base node (a node which is about
to be shifted from one processor to another processor is
called a base node), moving it, and then updating the
gains of its neighbouring nodes. We solve the first prob-
lem, that of selecting a base node, by choosing the node
with the largest gain density on the i** processor whose
weight is less than or equal to Mig;. We shift the node to
the receiving processor and update the gains of its neigh-
bouring nodes (observe that in general the node k will
have four neighbours when we are working with tetrahe-
dralisations of three-dimensional domains) using the al-
gorithm outlined in Figure 6. Observe that, if the gain
associated with the base node is positive, then transfer-
ring it will not only improve the load-balance but will also
reduce the total cut-weight between the two groups.

For each ny which is a neighbour of the node k {
Let pg be the processor to which nj belongs;
if (px == j) then

decrement gain(ny) by 2*wg
else if(py == 1) then
increment gain(ny) by 2*wg

nyk)

ngk)

Figure 6: Updating the gains.

4.3 Divide and conquer and parallel im-
plementation

Once we have obtained Sender and Receiver groups with
the same average weights, it is possible to recursively ap-
ply the above splitting algorithm to each of these two
processor groups in parallel: bisecting them and load-
balancing them. The recursion terminates when every
group consists of a single processor: each with approxi-
mately the same load.

This divide and conquer approach naturally permits a
certain degree of parallelism in its implementation. Fur-
ther parallelism is also facilitated by the fact that it is
possible for more than one sending processor in a Sender
group to migrate data onto its corresponding receiving
processor at any given time. In practice the communi-
cation of the full coarse element hierarchies is left until
the end of the load-balancing process, with much smaller
tokens being passed instead at this stage.

The implementation of this load-balancing algorithm
that is used for the numerical experiments described in
Section 5 was completed using the MPI library ([15]).
This is ideally suited to the divide and conquer philos-
ophy since it provides explicit mechanisms for the defi-
nition and splitting of processor groups. To implement
this divide and conquer philosophy we make use of the
function MPI_Comm split() available in the MPI library.
This function takes as input a communicator, a colour,
and a key. All processors with the same colour are placed
into the same new communicator, which is returned in
the fourth argument. The processes are ranked in the
new communicator in the order given by the key. In our
application we assign the value 1 (value 0) to colour if the
processor is in the Sender group (Receiver group) and the
key is taken to be the ID (rank) of the processor.

When a coarse element migrates from the Sender group
to the Receiver group we have to update numerous data
structures (which not only involve the processors on the
Receiver and the Sender groups but may also involve pro-
cessors outside these two groups), so it is necessary to
maintain the presence of the initial group. This means
that each processor is a member of two groups: the initial
group (called the I_Group) which consists of all p proces-
sors and remains unchanged throughout, and the current
group (referred to here as “the Group”) which is variable
and changes with each application of the Divide and Con-
quer algorithm. Note that the above Divide and Conquer
algorithm is repeated until all Groups contain exactly one
processor. If a group consists of a single processor be-
fore the algorithm terminates then that processor is not
entirely idle since it must still communicate with other
processors in case neighbouring coarse elements are mi-
grated between two processors. An overview of the whole
algorithm is given in Figure 7.

5 Some Computational Compar-
isons

In this section we contrast the two dynamic load-
balancing algorithms introduced in Section 3 and the new
algorithm introduced in Section 4 when used in conjunc-
tion with the parallel adaptive flow solver outlined in Sec-
tion 2. It should be noted that this flow solver requires a
partition of the root mesh, 7y, such that the total number
of leaf-level elements on each processor is approximately
equal. When there is heavy local refinement in some re-
gions of the spatial domain Q (as in the examples below) it
follows that the dual graph of 7y will have highly disparate
weights. Hence, in this paper we are only testing the per-
formance of the dynamic load-balancing algorithms for
one specific class of problem: the repartitioning of highly
non-uniformly weighted graphs.

5.1 Examples

For these examples we apply our parallel adaptive Euler
solver to model a shock wave diffraction around the 3D
right-angled corner formed between two cuboid mesh re-
gions (taken from [17, 20]). The initial condition is of



While (Any Groups contain two or more processors){
Find the maximum load Maz and the avarege load
Ave of the Group;

Find the percentage of maximum imbalance max_imb

in the Group by using the formula;

maximb = ( (Maz - Ave) / Ave) * 100;

If (The Group contains more than one processor){
Send the contribution to the Laplacian matrix to
processor 0;

If (Rank of the processor is 0){

Form the Laplacian matrix after receiving the
contribution from other processors;

Find the Fiedler vector and by using it decide
the Receiver and Sender groups;

}

If (max.imb is more than a given tolerance){
Move load from processors in the Sender Group
to processors in the Receiver in such a way that
after migration the two Groups have the same
average load and the increase in the cut weight
is as small as possible;

}
}

If (The migration effects the current processor){
Modify the necessary data structures to reflect the
migration;

}

Divide the Group into two Groups (i.e. from now on

both Sender and Receiver will be called Group);

Figure 7: Parallel post-processing algorithm.

Rankine-Hugoniot shock data at the interface of the two
cuboid regions with a shock speed of Mach 1.7. Figures
8 and 9 illustrate how the mesh adapts to the solution as
the shock progresses through the domain. It is clear that
although a partition of the mesh for the initial condition
may be good, it is unlikely to remain so as the solution de-
velops and thus dynamic load-balancing of the distributed
data will be required. In the computations whose results
are tabulated below the root mesh, 7, contained 34, 560
elements (this is a little more than for the illustrative ex-
amples shown in Figures 8 and 9). Up to two levels of
refinement are allowed which leads to an initial fine mesh
containing 87, 970 elements with many more elements ap-
pearing in this leaf-level mesh at later times (e.g. 106, 772
elements after 60 time-steps). Note that throughout these
calculations, the adaptive mesh has resolution equivalent
to a mesh of 2.2 million uniform, regular elements.

Table 1 presents a comparison of some partition-quality
metrics when the three different load-balancing algo-
rithms are applied using 4, 8, 16 and 32 processors of
a Cray T3D computer. In each case the initial parti-
tion has a maximum imbalance of over 20% (this is the
percentage by which the total vertex weight of the most
heavily-weighted sub-graph exceeds the average weight of
the sub-graphs) and the cut-weight is given. The solu-
tion times quoted represent the wall-clock time (in sec-
onds) taken by the parallel finite volume solver for the
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Figure 9: Adapted mesh after 240 time-steps.

next three time-steps, either using the initial partition or
using a new partition after application of one of the load-
balancing algorithms. Finally, when load-balancing has
been performed, the total weight of all of the root ele-
ments of 7y that have been migrated from one processor
to another is quoted. It should be noted that for these,
and all of the other calculations described here, Jostle
was used with its graph reduction threshold parameter
set to 300. This value appeared to give consistently bet-
ter results than either of the other values tried: 20 (the
default) and 50. All other parameters in both Jostle and
Metis were left at their default values.

An alternative form of comparison between the three
load-balancing algorithms is provided by Tables 2 and 3.
For these results sequences of thirty time-steps were taken
with adaptivity taking place on ten occasions (after every
three time-steps). Whenever the maximum imbalance ex-
ceeds a prescribed tolerance (2.5% for Table 2 and 10% for



Initial | Metis | Jostle | Recursive
Processors
Imbalance 26% 5% 0% 0%
Cut-Weight | 1851 1736 1736 2429
Sol. Time 24.5 20.0 19.0 19.0
Migration - 8965 | 13225 7606
Processors 8
Imbalance 21% 5% 1% 0%
Cut-Weight | 4075 3681 3141 5032
Sol. Time 12.5 10.9 10.1 10.5
Migration - 7196 6345 10077
Processors 16
Imbalance 20% 5% 2% 1%
Cut-Weight | 5397 5331 4964 7024
Sol. Time 6.4 5.5 5.3 5.6
Migration - 8042 | 28551 12317
Processors 32
Imbalance 31% 6% 5% 2%
Cut-Weight | 7432 7258 7638 9491
Sol. Time 3.6 2.9 2.9 3.0
Migration - 13007 | 36153 16081

Table 1: Some partition-quality metrics immediately be-
fore and after a single re-balancing step.

Table 3) after mesh adaptivity has taken place the load-
balancing algorithm is called. The solution times quoted
are the total times for the finite volume solver to complete
the 30 time-steps ezcluding the repartitioning times. This
gives an indication of the quality of the load-balancing al-
gorithms. In order to compare their overheads the tables
also show the total weight of all of the root elements that
were migrated throughout the thirty time-steps taken in
each run.

Metis | Jostle | Recursive
Processors 4
Sol. Time | 207.9 200.5 202.7
Migration | 16015 | 34451 15576
Processors 8
Sol. Time | 108.7 102.8 108.2
Migration | 47671 | 77054 27170
Processors 16
Sol. Time 56.0 53.7 56.4
Migration | 21339 | 111174 39162
Processors 32
Sol. Time 29.2 28.5 31.3
Migration | 48772 | 202385 44684

Table 2: Solution times and total migration weights for
30 time-steps using a re-balancing tolerance of 2.5%.

5.2 Discussion

The results tabulated above represent a provisional com-
parison of the three load-balancing algorithms considered.
It is clear that the recursive algorithm tends to migrate

Metis | Jostle | Recursive

Processors

Sol. Time | 211.2 210.0 211.3
Migration | 14060 | 13225 13389
Processors 8

Sol. Time | 110.9 106.5 108.7
Migration | 19864 | 28841 23019
Processors 16

Sol. Time 56.4 55.3 57.8
Migration | 39511 | 58621 33401
Processors 32

Sol. Time 29.1 30.1 30.8
Migration | 62682 | 179914 51875

Table 3: Solution times and total migration weights for
30 time-steps using a re-balancing tolerance of 10%.

the least amount of data and lead to the best load-balance
after re-partitioning, however this is always achieved at
the expense of a larger cut-weight. Jostle would appear
to provide the best quality partitions after load-balancing,
in the sense that both the maximum load imbalance and
the cut-weight are always low, however this is at the ex-
pense of requiring more data migration. Metis on the
other hand requires less data migration than Jostle and
also achieves a low cut-weight, but at the expense of a
relatively high load imbalance!

When contrasting the algorithms over a significant
number of time-steps and applications of the adaptiv-
ity algorithm the results in Tables 2 and 3 appear to be
equally inconclusive. Using Jostle generally seems to lead
to less time being required by the parallel solver but at
the expense of the most data migration. The recursive
algorithm on the other hand leads to the least amount
of data migration but tends to require more time in the
parallel solver — with Metis taking the middle ground.
This means that, for a given application (of the form (1))
and computer system, when the time required to take a
time-step is quite large compared to the time required to
relocate a unit of data Jostle is likely to be the preferred
load-balancing tool. On the other hand, if the problem
and computer are such that the time required to take a
time-step is quite small compared to the cost of moving
data, then the recursive algorithm may be best.

It is clear that a much larger number of comparisons
on a wide variety of problems and computer architectures
will need to be completed if any one algorithm is to emerge
as being more robust than the other two. Initial experi-
ments suggest that the recursive algorithm introduced in
Section 4 competes well with both Metis and Jostle for the
type of load-balancing problem that arises when parallel
adaptivity is undertaken. Further work is required how-
ever to explore the affects of different parameters, such as
the size of the root mesh or the maximum depth of re-
finement, on the performance of these algorithms, and to
assess whether any modifications and improvements can
be made to them.
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